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Abstract. We show that the mapping class group of a compact orientable 
surface with higher complexity has the following extreme rigidity in the sense 
of measure equivalence: if the mapping class group is measure equivalent to 
a discrete group, then they are commensurable up to finite kernel. Moreover, 
we describe all lattice embeddings of the mapping class group into a locally 
compact second countable group. We also obtain similar results for finite direct 
products of mapping class groups. 



1. Introduction 

The purpose of this paper is to establish a new rigidity theorem for the mapping 
class group in terms of measure equivalence among discrete groups. In this paper, 
by a discrete group we mean a discrete and countable one. Measure equivalence 
was introduced by Gromov [H"] as follows: 

Definition 1.1. We say that two discrete groups T and A are measure equivalent if 
there exists a measure-preserving action of T x A on a standard Borel space (£, m) 
with a CT-finite positive measure such that both restricted actions to T and A are 
essentially free and have a fundamental domain of finite measure. The space (£, m) 
(equipped with the T x A-action) is then called a ME coupling of T and A. 

It is easy to see that measure equivalence defines an equivalence relation among 
discrete groups. One typical example of two measure equivalent groups is given by 
any two lattices in the same locally compact second countable (lese) group, which 
is the main geometric motivation for the introduction of this notion. Commensu- 
rability up to finite kernel is the equivalence relation for discrete groups defined 
by declaring two groups in an exact sequence l^A^B^C^loi discrete 
groups to be equivalent if the third group is finite. Any two discrete groups which 
are commensurable up to finite kernel are measure equivalent. 

Measure equivalence between two groups has another equivalent formulation in 
terms of orbit equivalence (see Subsection 12.3(1 . which has been studied for a long 
time and is closely related to ergodic theory and the theory of von Neumann alge- 
bras. The first magnificent result about orbit equivalence is due to Ornstein- Weiss 
[3*3*| following Dye [5], [SI an d it can be stated in terms of measure equivalence as 
follows: a discrete group is measure equivalent to Z if and only if it is an infi- 
nite amenable group. (This result was generalized for amenable discrete measured 
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equivalence relations by Connes-Feldman- Weiss 0].) Note that Zimmer 0Oj ex- 
tended the superrigidity theorem for semisimple Lie groups of non-compact type 
due to Mostow-Margulis to one in the context of orbit equivalence, which is called 
his cocycle superrigidity theorem, and he classified lattices in simple Lie groups of 
real rank at least 2 up to measure equivalence. In addition to this classification, his 
cocycle superrigidity theorem has many applications to various rigidity phenomena 
of higher rank lattices. 

Recently, the study of measure equivalence and orbit equivalence is very rapidly 
developing. Furman's beautiful rigidity result in completely determines the 
class of discrete groups measure equivalent to some higher rank lattices. Namely, if 
a discrete group A is measure equivalent to a lattice in a connected simple Lie group 
G with finite center and real rank at least 2, then there exists a homomorphism from 
A onto a lattice in AdG whose kernel is finite. Gaboriau's discovery in that 
£ 2 -Betti numbers for discrete groups are invariant under measure equivalence in a 
certain sense leads to surprising progress in the classification problem of measure 
equivalence because these numerical invariants are defined for all discrete groups 
and are computable for various discrete groups arising geometrically. Popa showed 
in , that the Bernoulli shifts of Kazhdan groups have various strong rigidity 
properties in terms of orbit equivalence. It is remarkable that he treated all Kazhdan 
groups, which is a very large class of groups. The reader should be referred to |15| . 
|37j , |38| for more details of recent development of measure equivalence and orbit 
equivalence. 

Let M = Mg.p be a connected compact orientable surface of type (g,p), that 
is, of genus g and with p boundary components. Throughout the paper, a surface 
is assumed to be connected, compact and orientable unless otherwise stated. The 
mapping class group T(M) of M is defined as the group of isotopy classes of all 
orientation-preserving diffeomorphisms of M. The extended mapping class group 
r(M)° of M is the group of isotopy classes of all diffeomorphisms of M, which 
contains T(M) as a subgroup of index 2. Let k(M ) = 3g + p — 4 be the complexity 
of M. If n(M) > 0, we say that M has higher complexity. Let C = C(M) be 
the curve complex for a surface M. In JBj, we obtain some classification result 
of r(M) in terms of measure equivalence and give various examples of discrete 
groups not measure equivalent to T(M). In the proof, we established fundamental 
methods to study subrelations in a discrete measured equivalence relation arising 
from a standard action of T(M), where a standard action means an essentially free, 
measure-preserving action on a standard Borel space with a finite positive measure. 
The curve complex played one of the most important roles in the study of them. 
Using these methods, we show the following rigidity theorem for T(M), which can 
be viewed as an analogue of Furman's rigidity theorem and is the main result of this 
paper. Let Aut(C) denote the automorphism group of the simplicial complex C. 
Note that Aut(C) and T(M) are commensurable up to finite kernel (see Theorem 
l2"5l) . 

Theorem 1.1. If a discrete group A is measure equivalent to the mapping class 
group T(M) with k(M) > 0, then there exists a homomorphism p: A — > Aut(C) 
whose kernel and cokernel are both finite. 

This theorem completely determines the class of discrete groups measure equiv- 
alent to r(M) and provides the first example of infinite discrete groups with such 
an extreme rigidity in the theory of measure equivalence. Remark that uniform 
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and non-uniform lattices in Lie groups treated in Furman's rigidity result are not 
commensurable up to finite kernel because they are not quasi-isometric jj]. Hence, 
if r is a lattice as in Furman's rigidity theorem, then there exists a discrete group 
which is measure equivalent to T and is not commensurable up to finite kernel with 

r. 

Remark 1.1. Although both Furman's and Popa's rigidity theorems are concerned 
with discrete groups satisfying (or related to) Kazhdan's property, the mapping 
class group for a surface of genus at most 2 does not have Kazhdan's property 
or more strongly, it contains a subgroup of finite index which admits a quotient 
isomorphic to a non-abelian free group of finite rank (see |32|). It is unknown 
whether the mapping class groups for other surfaces have Kazhdan's property or 
not. 

Theorem II . II completes the classification of mapping class groups up to measure 
equivalence. 

Theorem 1.2. Suppose that M 1 , M 2 are distinct surfaces of type (gi,pi), (<72,P2)> 
respectively with k{M 1 ), k(M 2 ) > and gi < g2- Moreover, assume thatT{M 1 ) and 
T(M 2 ) are measure equivalent. Then we only have the following two possibilities: 
Pi), (52, pa)) = ((0,5), (1,2)), ((0,6), (2,0)). 

Remark 1.2. Note that if k(M) < and M ^ M lfi , then T(M) is finite. Both 
r(Mi i o) and T(Mi i i) are isomorphic to SL(2,Z) and r(Mo.4) is commensurable up 
to finite kernel with SL(2, Z). It is known that r(M ,s) and r(Mi >2 ) (resp. r(M , 6 ) 
and r(M2,o)) are commensurable up to finite kernel (see Theorem 12. 5|l . 

Let r be a lattice in a connected simple Lie group G with finite center and 
real rank at least 2. In the proof of Furman's rigidity theorem in the main 
ingredient is to prove the following (see [TTJ Theorem 4.1]): let (Q,lu) be a self ME 
coupling of r (i.e., a ME coupling of T and T). Then there exists an essentially 
unique almost T x T-equivariant Borel map \I/ : r2 > Aut(AdG), which means that 

*((7, 7 » = Ad( 7 )*(.T)Ad(7') _1 

for any 7,7' G T and a.e. 1 6 11. Furman substantially used Zimmer's cocycle 
superrigidity theorem for the construction of \P. On the other hand, we can show 
that for a self ME coupling (£, to) of T(M), there exists an essentially unique almost 
T(M) x T(M)-equivariant Borel map $: £ — > Aut(C), which means that 

$((7, 7')^) = n('y)^(x)n('y')~ 1 

for any 7,7' G T(M) and a.e. x G £. Here, tt: T(M)° -> Aut(C) is the natural 
homomorphism. This construction of <!> is the heart of the proof of Theorem ll.il 
In Section we give an outline of the construction of $. 

After the construction of the map we apply Furman's and Monod-Shalom's 
techniques in [2] for higher rank lattices and non-trivial direct products of 
finitely many groups with special properties (e.g., word- hyperbolic ones), which are 
applicable to a more general situation. More precisely, given a ME coupling (£', to') 
of r(M) and a discrete group A, we construct the self ME coupling £' x a A x a S'. 
Using their techniques for the equivariant Borel map from this self ME coupling 
into Aut(C), one can find a homomorphism p as in Theorem ll.il 

Moreover, we consider the same problem as above for a finite direct product 
T(Mi) x • ■ ■ x T(M„) of mapping class groups T(Mi) with n(Mi) > for all i. 
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Monod- Shalom introduced in jHJ the class C consisting of discrete groups T which 
admit a mixing unitary representation 1 on a Hilbert space such that the second 
bounded cohomology H^(T, it) of T with coefficient it does not vanish. They showed 
in that paper that a non-trivial finite direct product of discrete groups in C satisfies 
various measurable rigidity properties. The class C contains a large number of 
discrete groups arising geometrically (e.g., word- hyperbolic ones) and whether a 
discrete group is in C or not is invariant under measure equivalence. Hamenstadt 
proved in |19| that the mapping class group of a surface with higher complexity is 
contained in C, so we can obtain various measurable rigidity theorems as in |31| for 
direct products of mapping class groups. 

Following Monod-Shalom's ingenious technique treating fundamental domains 
for actions on ME couplings, we can find an essentially unique almost equivariant 
Borel map from a self ME coupling of a direct product of r(Mj) into the direct 
product of Aut(C(Mj)). In the same way as above, we can show the following 
theorem similar to Theorem lf.fi for a direct product of r(Mj): 

Theorem 1.3. Let n be a positive integer and let Mi be a surface with K,{Mi) > 
for i G {1, . . . , n}. If a discrete group A is measure equivalent to the direct product 
r(Mi) x • ■ ■ x T(M n ), then there exists a homomorphism A — > Aut(C(Mi)) x • ■ ■ x 
Aut(G(M„)) whose kernel and cokernel are both finite. 

In |13| . Furman gave another application of the map 'F mentioned above. He 
gave an explicit description of a Icsc group containing a lattice isomorphic to a 
lattice in a simple Lie group of higher rank. Roughly speaking, he showed that 
such a lcsc group can be built only from the ambient Lie group or from the lattice 
itself and their actions on a compact group. Following Furman, we describe a lcsc 
group containing a lattice isomorphic to the mapping class group as follows. We 
fix notations as follows: let n G N and let Mi be a surface with k(M^) > for 
i E {1, . . . ,n}. Put 

G = Aut(C(Mi)) x ■ • • x Aut(G(M„)) 

and let d be equal to T(M l )° or Aut(C(Mj)). Put G = Gi x • • • x G„ and let 
7r : Go — > G be the natural homomorphism. 

Theorem 1.4. Suppose that T is a subgroup of finite index in Gq and there is a 
lattice embedding a: T — > H into a lcsc group H , that is, a is an infective homo- 
morphism such that cr(r) is a lattice in H. Then we have a subgroup Hq of finite 
index in H containing <j(T) and a compact normal subgroup K of Hq satisfying the 
following: 

(i) [H : H ] < [G : 7r(T)]; 

(ii) The action of H on K by conjugation induces via a an action of T on 
K and hence a semi-direct product T x K. Let p: T k K — > Hq be the 
homomorphism defined by T 3 7 1— > 17(7) and K 3 k 1— > k. Then p is 
surjective; 

(iii) For 7 £ V and k G K , we have (7, k) G ker(p) if and only if 77(7) = e 
and k = a(j)^ 1 . In particular, if the kernel of the restriction of tt to T is 
trivial, then p is an isomorphism. 

This theorem says that there exist no interesting lattice embeddings of the map- 
ping class group. The following corollary can easily be shown: 
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Corollary 1.5. Let T be a subgroup of finite index in Go and suppose that we have 
a lattice embedding ofT into a lose group H. Then the image ofT is cocompact in 
H and H has infinitely many connected components. 

It follows from this corollary that any subgroup of finite index of the mapping 
class group for a surface with higher complexity can not be isomorphic to a lattice in 
a semisimple Lie group, which was proved first by Kaimanovich-Masur They 
showed more generally that any sufficiently large subgroup of the mapping class 
group can not be isomorphic to a lattice in a semisimple Lie group. In this direction, 
Farb-Masur |Hj, Bestvina-Fujiwara [3j and Yeung (SHI studied homomorphisms from 
a lattice in some semisimple Lie group into the mapping class group and concluded 
that their images are finite. 

In a subsequent paper |26| , we give an application of the existence of an equi- 
variant Borel map from a self ME coupling of the mapping class group, following 
Furman's idea in |12j . In [2fi| . we establish orbit equivalence rigidity of ergodic 
standard actions of the mapping class group and give a new example of a discrete 
measured equivalence relation which can not arise from any standard action of a 
discrete group. Moreover, we give uncountably many explicit examples of ergodic 
standard actions of the mapping class group which are mutually non-orbit equiva- 
lent, using certain generalized Bernoulli shifts of the mapping class group. 

Acknowledgement. The author is grateful to Professor Ursula Hamenstadt for 
reading the first draft of this paper very carefully and giving many valuable sugges- 
tions. The author also thanks the Max Planck Institute for Mathematics at Bonn 
for its warm hospitality. 

2. PRELIMINARIES 

2.1. The mapping class group. In this subsection, we recall fundamental facts 
about the mapping class group and several geometric objects related to it. We refer 
the reader to [§], [2U or Sections 3.1, 3.2, 4.3 and 4.5 in and the references 
therein for the material of this subsection. 

Let M = M 9tP be a surface of genus g and with p boundary components. Let 
T(M), r(M)° be the mapping class group and the extended one of M, respectively, 
defined as in Section ^ Let n(M) — 3g +p — 4 be the complexity of M. When 
k(M) > 0, we say that M has higher complexity. 

For a surface M, let V(C) = V(C(M)) be the set of all non-trivial isotopy classes 
of non-peripheral simple closed curves on M . Let S(M) denote the set of all non- 
empty finite subsets of V(C) which can be realized disjointly on M at the same 
time. If k(M) > 0, we can define the curve complex C = C(M) as a simplicial 
complex whose vertex set is V(C) and simplex set is S(M). Remark that when 
k(M) = 0, we can define the curve complex of M in a slightly different way so that 
its vertex set V(C) is given in the same way as above. If k(M) > 0, then T(M) <> 
has the natural and simplicial action on C and C is connected and has infinite 
diameter. Moreover, when C is equipped with a natural combinatorial metric, it is 
hyperbolic in the sense of Gromov (see |29|L 

Let M be a surface with k(M) > and let i : V(C) x V(C) — > N be the geometric 
intersection number. Let M.T = A4J 7 (M) be the space of measured foliations on 
M. Let VM.T = VMJ-(M) be the space of projective measured foliations on M, 
which is also called the Thurston boundary and is homeomorphic to the sphere of 
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dimension 6g — 7 + 2p. Note that S(M) can naturally be embedded into VMF. 
The geometric intersection number i can continuously and K>o-homogeneously be 
extended to a function M F x MF — > M> in the following sense: 

i(riF 1 ,r 2 F 2 ) = rxr 2 i(Fi, F 2 ) 

for any ri,r 2 G IR>o and F\,F 2 G Hence, for two elements Fi,F 2 G VMF, 

whether i{F\,F 2 ) = or ^ makes sense. It is clear that T(M)° acts continuously 
on both .M.F and and 

i(gF 1 ,gF 2 ) = i(F 1 ,F 2 ) 

for any g 6 T(M)° and F 1 ,F 2 £ MF (or VMF). Let 

MlAf ={F e VMF : i(F, a) ± for any a G F(C)} 

be the set of all minimal measured foliations on M, which is a r(M)°-invariant 
Borel subset of VMF. 

The Thurston boundary VMF is an ideal boundary of the Teichmuller space of 
T = T(M) for M. The union T = TU VMF is called the Thurston compactifica- 
tion of the Teichmuller space, which is homeomorphic to the closed Euclidean ball 
of dimension 6g — 6 + 2p whose boundary corresponds to VMF. 

For g G T(M), let us denote by 

Fix(g) = {x G T : gx = x} 

the fixed point set of g. Each element g G r(M ) is classified as follows in terms of 
its fixed points on T (see Expose 9, §V, Theoreme and Expose 11, §4, Theoreme in 

my- 

(i) g has finite order and has a fixed point on T\ 

(ii) g is pseudo-Anosov, which means that Fix(g) consists of exactly two points 
in MlAf; 

(iii) g has infinite order and is reducible, which means that there exists a G 
S(M) such that go = a. 

These three types are mutually exclusive. We say that F G VMF is a pseudo- 
Anosov foliation if F is a fixed point for some pseudo-Anosov element. The set of 
all pseudo-Anosov elements is dense in VMF. 

Since the curve complex C is hyperbolic, we can consider its boundary dC at 
infinity, which is not compact. There exists a natural r(M)-equivariant continuous 
map MXM — > dC, which is injective on the set of all uniquely ergodic measured 
foliations. This set contains all pseudo-Anosov foliations (see ^H], [57] or |25l 
Section 3.2]). 

A pseudo-Anosov element g G T(M) has the following remarkable dynamics on 
T (see j23 Theorem 7.3.A]): the two fixed points F±(g) G MXM of g satisfy that 
if U is any neighborhood of F + (g) in T and K is any compact set in T \ {F_ (<?)}, 
then g n (K) C U for all sufficiently large n G N. 

Using the above classification of elements of T(M), McCarthy-Papadopoulos PU] 
classified subgroups T of T(M) as follows: 

(i) T is finite; 

(ii) there exists a pseudo-Anosov element j£T such that h{F±(g)} = {^±(3)} 
for any h G T. In this case, T is virtually cyclic; 

(iii) there exists a G S(M) such that go — a for any g G T. In this case, T is 
said to be reducible; 
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(iv) r contains an independent pair {171,(72} of pseudo-Anosov elements, which 
means {F±(gi)} D {^±(52)} = 0- In this case, T contains a non-abelian free 
subgroup and is said to be sufficiently large. 

We recall the canonical reduction system (CRS) for a subgroup of T(M), which 
plays an important role in the study of reducible subgroups. We refer the reader to 
PTl Chapter 7] for more details about CRS's. For a £ S(M), we denote by M a for 
simplicity the surface obtained by cutting along a realization of curves in a. For 
an integer m > 3, let r(M;77i) be the subgroup of T(M) consisting of all elements 
which act on the homology group i?i(M;Z/mZ) trivially. This subgroup has the 
following notable properties (see Theorem 1.2 and Corollaries 1.5, 1.8, 3.6 in |2J 
or 123 Section 4.3]): 

Theorem 2.1. In the above notation, the following assertions hold: 

(i) r(A/;m) is a torsion-free subgroup of finite index in T(M). 

(ii) Ifg e r(M; m) and F £ VMT satisfy g n F = F for some n £ Z\{0}, then 
gF = F. 

(iii) If g 6 Y(M ; m) and a £ S(M) satisfy g n o~ = a for some n£Z \ {0}, then 
ga — a for any a £ S(M) and g preserves each component of M a and of 
the boundary of M . 

When we consider the problem of measure equivalence in subsequent sections, 
we study actions of (a finite index subgroup of) T(M; m) instead of T(M). 

Let F be a subgroup of T(M;m). A curve a £ V{C) is called an essential 
reduction class for T if the following two conditions are satisfied: 

(i) ga = a for any g £ T; 

(ii) if (3 £ V(C) satisfies i(a,[3) / 0, then there exists g £ T such that g[3 ^ [3. 

The canonical reduction system (CRS) cr(T) for T is defined to be the set of all 
essential reduction classes for V, which is either an element in S(M ) or empty. We 
can define the CRS for a general subgroup T of T(M) as the CRS for T n T(M; m), 
which is independent of m. It is known that an infinite subgroup T of T(M) is 
reducible if and only if a(T) is non-empty (see |21l Corollary 7.17]). 

Given a subgroup T of T(M;m) and a £ S(M) with ga = a for any g £ V, 
thanks to Theorem 12 . II (iii) . we can define a natural homomorphism 

Q 

where Q runs through all components of M a . 

Lemma 2.2 (pjl Lemma 2.1 (1)], |23l Corollary 4.1.B]). The kernel of p a is con- 
tained in the subgroup ofT(M) generated by Dehn twists about all curves in a. 

For each component Q of M a , let pq : T — > T(Q) be the composition of p„ with 
the projection onto T(Q). It is known that if a subgroup T of T(M; m) is reducible 
and Q is a component of JW^m, then the image Pq{F) either is trivial or contains 
a pseudo-Anosov element in T(Q) (see O Corollary 7.18]). If Pq(T) is trivial, 
infinite amenable or non-amenable, then Q is said to be T, IA or IN, respectively. 

Lemma 2.3. Let T be a finite index subgroup ofT(M) and define a subgroup 

r CT = {g £ T : ga = a} 
for a £ S(M). Then the CRS for T a is equal to a. 
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This lemma follows easily from |21l Theorem 7.16] because any component of 
M a which is not a pair of pants is IN for T a if T is a finite index subgroup of 
T(M; m) with an integer m > 3. 

Lemma 2.4. Let T be an infinite subgroup of T(M;m) and let a G V(C(M)) . 
Assume that ga = a for all g G T . If for each component Q of M a , we have g(3 = (3 
for any (3 G V(C(Q)) and g G T, then the CRS for T is {ct}. 

Proof. Since T is infinite and reducible, the CRS er(r) for T is non-empty. Let 
8 G cr(r). We show that 6 — a. Let Q be a component of M a . If 6 G V(C(Q)), 
then there exists (3 6 V(C(Q)) with i((3,6) ^ 0. By assumption, (3 is invariant for 
F, which contradicts the assumption that 6 is an essential reduction class for T. 
Thus, either i{§, a) or 5 = a. The former case can not happen because a is 
invariant for T and S £ o~(T). □ 

2.2. The automorphism group of the curve complex. Let M be a surface 
with k(M) > 0. Then we have the natural homomorphism it: r(M)° — > Aut(C). 

Theorem 2.5 ([22J, EH])- Let M be a surface with k{M) > 0. 

(i) If M is neither M\ t 2 nor il^o, then -k is an isomorphism. 

(ii) If M — Mi, 2, then the image of tt is a subgroup o/Aut(C) with index 5 
and ker(-7r) is the subgroup generated by a hyperelliptic involution, which is 
isomorphic to Thill,. 

(iii) If M = M2fl, then it is surjective and ker(7r) is the subgroup generated by 
a hyperelliptic involution, which is isomorphic to Z/2Z. 

(iv) The two curve complexes C(Mq^), C(Mi^) (resp. C(Mq,q), C{M2fl)) are 
isomorphic as simplicial complexes. 

Theorem 2.6. Let T be a subgroup of finite index in Aut(C). For each go G 
Aut(C) \ {e}, the set {ggog^ 1 : g G T} consists of infinitely many elements. 

Proof. We may assume that M ^ Afi.2,M2.o by Theorem 12.51 (iv). By Theorem 
l2~5Ui). we identify Aut(C) with r(M)°. Let g G r(A/)° and assume that the set 
{99^9 1 '■ 9 ^ r} consists of only finitely many elements. Then note that for any 
infinite subset {h n } n< =fs of T, there exists an infinite subsequence {nj}igN of N such 
that h ni goh~^ = h nj goh~^ for each i, j. Put 

Fix(ffo) = {x G T : g x = x}, 

which is a non-empty closed subset of T. 

Assume Fix(go) 7$ VM.T ' . If we deduce a contradiction, then the inclusion 
Fix(go) 3 VM.T holds, which implies go = e and completes the proof. Since the 
set of pseudo-Anosov foliations is dense in VAiF, we can find an independent pair 
{91 j 92} C T(M) of pseudo-Anosov elements such that F + (gi) , F + (g2) G VM.T\ 
Fix(go)- Using the assumption that T is a subgroup of finite index in r(M)°, we 
may assume that 31, (72 G T. 

Let s G Fix(i?o)- It follows from the above remark that there exists an infinite 
increasing subsequence {n;} of N such that g 1 ~™ i <7o5i' i = 9o for each i. Then we 
have s = go-s = g^™ 1 go9\ z s, which implies g" z s G Fix (go) for each i. If s ^ F-(gi), 
then g" z s — > F+(gi) G VM.T \ Fix(go) as z — > 00, which is a contradiction. Thus, 
s = F-(gi). Similarly, we can show that if s G Fix(go), then s — F_(g2), which is 
a contradiction because the pair {171,(72} is independent. □ 
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2.3. Measure equivalence and orbit equivalence. In this subsection, we recall 
the construction of weakly orbit equivalent actions from a ME coupling given in |12l 
Section 3] . We refer the reader to £Q for the terminology of an r-discrete measured 
groupoid and its amenability. We fix notations as follows: given an r-discrete 
measured groupoid Q on a standard finite measure space (X,/j,) (i.e., a standard 
Borel space with a finite positive measure) and a Borel subset A <Z X with positive 
measure, we denote by 

(G)A = {7&Q:r(j),s( 7 )€A} 

the restricted groupoid to A, where r, s : Q — ► X are the range, source maps, re- 
spectively. For x, y £ X, let 

Gy ={l eG : r( 7 ) = x, s(7) = y} 

and let e x £ Q% denote the unit. If A is a Borel subset of X, then QA denotes the 
saturation defined by 

GA = {rij) e X : j e g,s(l) e A}, 

which is a Borel subset of X. 

Let (E, m) be a ME coupling of discrete groups T and A, and choose fundamental 
domains Y, X C E for the T-, A-actions. Remark that we have a natural F-action 
on X equipped with the restricted measure of m because X can be identified with 
the quotient space E/A as Borel spaces. Similarly, we have a natural A-action on 
Y. In order to distinguish from the original A-actions on E, we denote the T-, 
A-actions on X, Y by 7 • x, A • y, respectively, using a dot. Note that we can choose 
X and Y so that A = lnY satisfies T ■ A = X and A • A = Y up to null sets. In 
what follows, suppose that X and Y satisfy this condition. 

Let Q — F k X (resp. 7i = A x Y) be the r-discrete measured groupoid on (X, /i) 
(resp. (Y, v)) constructed from the above action. We can define cocycles 

a:T x X -> A, {3: AxY ->T 

so that 7 • x = 0(7, x)^x 6 X and A • y = /3(A, y)Xy G Y for any 7 G F, A G A and 
a.e. x € A", y e V. Let 

be the Borel maps defined by 

p(x) = Tx n Y, q(y) = Ay n X 
for x £ AT and y G V. Note that both p and q are the identity on A = X n Y and 

p(7 • ar) = a(7, x) • p(x), g(A • j/) = /3(A, y) • q(y) 
for any 7 g T, A 6 A and a.e. x £ AT, y e Y". Define groupoid homomorphisms 
/: £ 3 (7,sc) (a(7,x),p(x)) e H 

Note that /3(a(7,x),x) = 7 for any 7 £ T and a.e. x £ A with 7 • x £ A, and 
a(/3(A, y),y) = A for any A £ A and a.e. y £ A with A • y £ A. Therefore, we obtain 
the following: 

Proposition 2.7. The groupoid homomorphisms 

/: @)a-(«)a, 5: («)a-(0)a 
satisfy g o f = id a^c? f ° g = id. 
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This proposition implies that the two actions of T on X and A on Y are weakly 
orbit equivalent. 

Consider the T x A-action on A x A defined by 

It is easy to check the following lemma: 

Lemma 2.8. The Borel map E-tlxA defined by Xx i— ► (x, A -1 ) for x € X and 
X G A is Borel isomorphic and T x A-equivariant. 

Conversely, we know the following theorem. For simplicity, a standard action of 
a discrete group means an essentially free, measure-preserving Borel action of it on 
a standard finite measure space. 

Theorem 2.9 ([121 Theorem 3.3]). If two discrete groups r and A have ergodic 
standard actions on (A, fx) and (Y, v) which are weakly orbit equivalent, then we 
can construct a ME coupling (S, m) of T and A such that the T-actions on X and 
A\S (resp. the A-actions on Y andT\H) are isomorphic. 

2.4. Normal subgroupoids. In this subsection, we introduce the notion of normal 
subgroupoids of an r-discrete measured groupoid, based on ^U], |2SJ Subsection 
4.6.1]. This notion is a generalization of normal subrelations of a discrete measured 
equivalence relation and also a generalization of normal subgroups of a discrete 
group. 

Let G be an r-discrete measured groupoid on a standard finite measure space 
(A, /i) and r, s : Q — > X be the range, source maps, respectively. Let S be a sub- 
groupoid of Q. In this paper, a subgroupoid of Q means a Borel subgroupoid of Q 
whose unit space is the same as the one for Q. Let us denote by Ends (£7) the set 
of all Borel maps ip: dom(ip) — ► Q from a Borel subset of X such that 

(i) s(ip(x)) = x for a.e. x G dom^); 

(ii) 7 G S if and only if ^(r^)^^))- 1 e S for a.e. 7 G (Q) dom{v) . 

Let [[Q]]s be the subset of Ends((?) consisting of all <p such that the map dom(</>) 9 
2: 1 ► r(<y9(a;)) G A is injective a.e. on the domain. When S is trivial, we write [[G]] 
instead of [[<?]]<s- 

We define the composition ipotp: don\{jpoif) — > Q of two elements </?, f/ 1 G Ends(C?) 

by 

dom(^i o yj) = {x G dom(^) : r(<^(a;)) G dom( - 0)}, 
■0 o = ifi(r((p(x)))(p(x) 
for a; G dom(-0 o^). It is easy to check that ip o ip g Ends(^). 

Definition 2.1. A subgroupoid S of an r-discrete measured groupoid Q on a stan- 
dard finite measure space (A, /1) is said to be normal in Q if the following condition is 
satisfied: there exists a countable family {4> n } of maps in Ends(<5) such that for a.e. 
7 G G, we can find </>„ in the family satisfying r(j) G dom(</>„) and </>ra('"(7))7 G S. 
In this case, we write S < Q and we call {(j> n } a family of normal choice functions 
for the pair (Q, S). 

The following two lemmas give natural examples of normal subgroupoids: 

Lemma 2.10. Suppose that a discrete group G has a non-singular action on (A, fi) 
and H is a normal subgroup of G. Let Qq and Qh be the groupoids generated by 
the actions of G and H , respectively. Then the subgroupoid Qh is normal in Qg- 



MEASURE EQUIVALENCE RIGIDITY OF THE MAPPING CLASS GROUP 



11 



The following two lemmas can be proved by using [251 Theorem 3.9]: 

Lemma 2.11. Let Q be an r-discrete measured groupoid on (X,fx). Then the 
isotropy groupoid 

Go = {7 e G ■ r{i) = 3(7)} 

is normal in G ■ 

Lemma 2.12. Let G be an r-discrete measured groupoid on (X,n) and let A be a 
Borel subset of X . Then we can find a Borel map f: GA — » G such that 

(i) s(f(x)) = x and r(f(x)) G A for a.e. x e GA; 

(ii) f(x) — e x G G% for a.e. x G A, where = {7 G G ■ r(j) = 5(7) = x} and 
e x is the identity element of the isotropy group G% ■ 

Lemma 2.13. Let G be an r-discrete measured groupoid on (X,fi) and let S be a 
normal subgroupoid of G ■ If A is a Borel subset of X with positive measure, then 
(S)a is normal in (G)a- 

Proof. Let {4> n } be a family of normal choice functions for the pair (G,S). We 
write B = SA and 

D n = {x G A n dom(> n ) : r(<j) n (x)) G B}. 

Define a Borel map (j)' n : D n -> (Q) A by (f>' n (x) = f(r ((f) n (x)))4> n (x) for x G D n , 
where / : B — ► S is a Borel map given by Lemma 12.121 such that 

• s{f(x)) = x and r(f(x)) G A for a.e. x £ B = SA; 

• /(a;) = e x G 5^ for a.e. 

We show that {</>^} is a family of normal choice functions for ((G) a, (S)a)- Since 
4>' n is the composition of cj) n and /, we see that <j>' n € End5(5). Let 7 G (0)a- 
Then there exists (j> n such that r(-y) G dom(0„) and n (?*(7))7 G 5. Note that 
r( 7 ) G Andom(^) and r(0 n (r(7))) = r(0„(r(7))7) G 5A Therefore, r( 7 ) G D n 
and 

^n(r(7))7 = f(r(4>n(r(l))))<t>n(r(l))l G 
which completes the proof. □ 

Lemma 2.14. Let G be a discrete group generated by two subgroups G\, G2 so 
that G\ is normal in G and assume that we have a non-singular action of G on 
a standard finite measure space (X,/j,). We denote by G, Gi and Gi the groupoids 
arising from the actions ofG, G± and Gi, respectively. Let A C X be a Borel subset 
with positive measure. Then (Gi)a is normal in the subgroupoid TL = (Gi)a V (G2)a 
of (G)a generated by the two subgroupoids (Gi)a and (G%)a- 

Proof. For each i = 1,2 and g G Gi, define A g — A P\g~ 1 A and ip g : A g — > (G)a 
by tp g (x) = (g,x) for x G A g . It is easy to check that %p g G End^g 1 ) A (Tt). For 
each word lu of elements in G\ and G2, we can naturally define the composition 
ip u G End(g 1 \ A (W) of ip g . It is clear that {ipu:}uj forms a family of normal choice 
functions for (H, (Gi)a)- D 

3. Actions of some discrete groups 

3.1. Actions of the mapping class group. In Sections 0] and we consider 
mainly the groupoid generated by an action of the mapping class group and its 
subgroupoids. In this subsection, we collect some results about them. Most of the 
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following results can be shown in the same way as in |25j . where we assume that 
the action is essentially free. 

Definition 3.1. An r-discrete measured groupoid Q on (X,p) is said to be of 
infinite type if there exists a Borel partition X = A\ U A 2 such that 

(i) for a.e. x G A\, the isotropy group G% is infinite; 

(ii) the associated principal groupoid of (G)a 2 defined by 

{(r( 7 ), s ( 7 )) eA 2 xA 2 -.je {G)a 2 } 

is recurrent. 

Note that for any n G NU {oo}, the subset 

X n = {xeX:\g%\=n} 

is measurable and satisfies QX n = X n . 

Let Q be an r-discrete measured groupoid on (X, p,) and let p : Q — > G be a 
groupoid homomorphism into a standard Borel group G. Let S be a Borel G- 
space. Recall that a Borel map ip: A — > S from a Borel subset A c X is said to 
be p-invariant (or invariant for simplicity) for Q if /3( 7 )¥?(s( 7 )) — ^(^(7)) for a.e. 
7 6(5)x- 

Lemma 3.1. In f/ie above situation, let us define a Borel map tp': QA S by 
f'(x) = p(f(x)~ 1 )(p(r(f(x))) for x G where f: QA Q is a Borel map con- 
structed in Lemma \2.1°A Then ip' is also p-invariant for Q . 

Proof. Let 7 £ and put y — ^(7), x = s(~f) G CM- Then 

= p(f(y)- 1 Mr(f(y)))=<p'(y) 

since fiyhfix)- 1 G and r(/( 2/ ) 7 /(x)- 1 ) - r(/(y)). □ 

Assumption 3.1. We call the following assumption (★): let T be a subgroup of 
r(M; m), where M is a surface with n(M) > and m > 3 is an integer. Let (X, p) 
be a standard finite measure space. We assume that there exists a non-singular 
action of T on (A, p) generating the groupoid 

G = Qr = {(7,a0 G T x A : 7 G L, x G X}. 
and the induced cocycle 

/?: G -> L, (7, x) 1 ^ 7 

for 7 G L and a.e. a; G A. 

Under the above assumption, we often use the following notation: 

• For a subgroup V of T, let Gv denote the subgroupoid of G generated by 
the action of V. 

• For a G S(M), we denote by D a the intersection of T and the subgroup 
generated by Dehn twists about all curves in a. We write Go instead of 
Go a for simplicity. If a consists of one element a G V(C), then we write 
D a (resp. Ga) instead ol D a (resp. Go)- 

As in [23, we can consider two types of subgroupoids of infinite type, following 
the classification of subgroups of T(M) mentioned in Subsection 12. II We denote by 
M(VMJ-) the space of all probability measures on VM.T. 
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Theorem 3.2 f |2ftl Theorem 4.41]). Under the assumption (*), let Y C X be a 
Borel subset with positive measure and let S be a subgroupoid of {Q)y of infinite 
type. If we have an invariant Borel map tp: Y M{VM.!F) for S, then there exists 
a Borel partition Y = Yi U Y% satisfying the following: 

(i) tp{x){MlN) = 1 for a.e. x 6 Y x ; 

(ii) ip\x)\vMT \ M1N) = 1 for a.e. xEY 2 . 

In the above theorem, remark that both Y\ and Y^ are invariant for S and if Y' 
is a Borel subset of Y with positive measure and tp : Y' —> M (VMJ 7 ) is another 
invariant Borel map for S, then tp satisfies 

(i) tp(x)(MlAf) = 1 for a.e. x € Y x H Y'\ 

(ii) tp(x)(VMF\ MlAf) = 1 for a.e. xeY 2 n Y', 

where Y± , Y 2 are Borel subsets as in the above theorem. Hence, it is natural to give 
the following definition: 

Definition 3.2. Under the assumption (*), let Y C X be a Borel subset with 
positive measure and let S be a subgroupoid of {G)y of infinite type. 

(i) If we have an invariant Borel map tp: Y — ► MfJ^MT) for S such that 
tp(x){MlN) = 1 for a.e. a; 6 Y, then 5 is said to be irreducible and 
amenable (or IA in short). 

(ii) If we have an invariant Borel map tp: Y — » M(PMF) for <S such that 
ip(x)(VM!F \ MlM) — 1 for a.e. x EY, then S is said to be reducible. 

We have explained in Section Q] that the key ingredient of the proof of Theorem 
11.11 is to construct an essentially unique almost T(M) x r(Af)-equivariant Borel 
map <J>: E — > Aut(C) for a self ME coupling (£, m) of T(M). We give a rough 
outline of the construction of the map In [23, we developed the theory of 
recurrent subrelations of an equivalence relation arising from a standard action of 
the mapping class group. Thanks to it, we can divide such subrelations into two 
types, irreducible and amenable (IA) ones and reducible ones as in Theorem 13.21 
and Definition ^. 21 The notion of normal subrelations also played an important role 
in the classification theorem of [2HJ - In what follows in this section, we generalize 
various central results in |25J about the above subrelations to the case where the 
action of the mapping class group is not necessarily essentially free. In this case, 
although we need to consider r-discrete measured groupoids arising from group 
actions, the proof can be proceeded along the same line. 

In Sectional using various results in this section, we characterize a reducible sub- 
groupoid in terms of amenability, non-amenability and normality (see Propositions 
14.11 14.21) . Note that these three properties are preserved under an isomorphism 
between two groupoids, and that as mentioned in Subsection 12.31 considering a 
self ME coupling of T(M) is almost equivalent to considering an isomorphism / 
between two groupoids Q\, Q 2 arising from measure-preserving actions of T(M). 
Thanks to the characterization of a reducible subgroupoid, we see that the image 
of a reducible subgroupoid of Q\ via / is also reducible. Moreover, maximal re- 
ducible subgroupoids are mapped to maximal ones by / (see Corollarv l4.5l Lemma 
EH and Corollary |4~7|) . 

Let Q be the groupoid associated with a measure-preserving action of T{M) on 
a standard finite measure space (X,n). As a next stage, in Sectional we study an 
amenable normal subgroupoid S of infinite type of a maximal reducible subgroupoid 
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of Q. We can show that <S is contained in the groupoid generated by the action of a 
Dehn twist about some simple closed curve on M up to a countable Borel partition 
of X (see Lemma 15.111 . Conversely, the subgroupoid generated by the action of 
a Dehn twist about a simple closed curve is normal in some maximal reducible 
subgroupoid of Q. It follows that roughly speaking, the subgroupoid generated 
by a Dehn twist about a simple closed curve can be characterized in terms of 
amenability, non-amenability and normality, and in the situation of the previous 
paragraph, we see that such subgroupoids are preserved by /. This means that 
/ induces a bijection of the set V(C) of all isotopy classes of simple closed curves 
on M, which is shown to be an automorphism of the curve complex. Translating 
this fact into structural information on a self ME coupling (E, m) of T(M), we can 
construct an almost T(M) x T(M )-cquivariant Borel map <!> from E into Aut(C) 
as mentioned in Section ^ 

Remark 3.1. When k(M) > and M ^ Mi 2, M<2,q, Ivanov (231 Section 8.5] showed 
that any isomorphism from a finite index subgroup of T(M)° into a finite index 
subgroup of r(M)° is the restriction of a unique inner automorphism of T(M)° . A 
key ingredient of his proof is to show that such an isomorphism / maps sufficiently 
high powers of Dehn twists into powers of Dehn twists by characterizing a (power 
of) Dehn twist algebraically (see |23l Theorem 7.5.B]). It follows that / yields a 
bijection on the set V(C), which is, in fact, an automorphism of the curve complex. 
This automorphism comes from an element g in T(M)° by Ivanov's theorem (see 
Theorem 12 .5f) . After an easy computation shown in the proof of Theorem 8. 5. A in 
|23j . we can prove that / is the restriction of the inner automorphism of T(M) by 
conjugation with g. Our construction of the map $ mentioned above relies heavily 
on this idea due to Ivanov. 

Remark 3.2. Note that if we only want to prove Theorem ll.il then it is not necessary 
to generalize the results in j2S] to the case where the standard action of the mapping 
class group is not necessarily essentially free because in general, when two discrete 
groups Ai, A2 are measure equivalent, there exists a ME coupling of Ai and A2 
such that the Ai x A2-action on it is essentially free, which induces weakly orbit 
equivalence between standard actions of Ai and A2. However, in Theorem 11.41 
we need to consider a ME coupling of T(M) such that the T(M) x r(M)-action 
is not necessarily essentially free. Moreover, thanks to the generalization, we can 
obtain some information about stabilizers of measure-preserving actions of T(M) 
(see Corollaries 13.91 and 13 . 1 7fl . 

In the following theorems, we collect basic properties of the two types of sub- 
groupoids of a groupoid generated by an action of the mapping class group, which 
are called IA and reducible subgroupoids, respectively. First, we consider IA sub- 
groupoids. 

Since the curve complex C is a hyperbolic metric space (221) we can construct 
the boundary dC at infinity, which is non-empty (see ^Ej, (2D or (23 Section 3.2]). 
Let diC be the quotient space of dC x dC by the coordinate exchanging action of 
the symmetric group of two letters and let M(dC) be the space of all probability 
measures on dC, which has the Borel structure introduced in the comment before 
Proposition 4.30 in (2HJ- Each element in d-zC can naturally be viewed as an atomic 
measure in M(dC) so that each atom has measure 1 or 1/2. Then d^C is a Borel 
subset of M(dC). 
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Under the assumption (*), let Y C X be a Borel subset with positive measure 
and let S be a subgroupoid of (G)y of infinite type. Note that if S is IA, then we can 
construct an invariant Borel map Y — > M (dC) for S by using the r(M)-equivariant 
map MXH — > dC, which is constructed in [37] (see also |18j1. 

Proposition 3.3 ( 25 Proposition 4.32 (ii), Corollary 4.43]). Under the assump- 
tion (*), let Y C X be a Borel subset with positive measure and let S be a sub- 
groupoid of {G)y of infinite type. Suppose that S admits a p-invariant Borel map 
ip: Y — > M(dC). Then the cardinality of supp(</?(x)) is at most 2 for a.e. x S Y 
and S is I A. 

Theorem 3.4 ( [251 Section 4.4.1, Lemma 4.58]). Under the assumption (*), let 
Y C X be a Borel subset with positive measure and let S be a subgroupoid of (G)y 
of infinite type. Suppose that S is I A. Then 

(i) there exists an essentially unique invariant Borel map ifo: Y — > d%C for S 
satisfying the following: if Y' is a Borel subset of Y with positive measure 
and ip: Y' — > M(dC) is an invariant Borel map for S, then 

supp(y(a;)) c supp(^ (a;)) 

for a.e. x G Y' , where supp(^) denotes the support of a measure v. 

(ii) if T is a subgroupoid of (G)y with S <T, then ipo is invariant also for T. 
(hi) the groupoid S is amenable. 

If X is a point and Q is isomorphic to T, then the above facts follow from the 
classification of subgroups of T(M) described in Subsection 12. II In this case, using 
properties of pseudo-Anosov elements, we can prove that S is virtually cyclic, which 
implies Theorem 13.41 (in). To prove Theorem l3.4l fiii) in a general case, we need to 
use the amenability in a measurable sense of the action of T(M) on dC (or c^C). 

Remark 3.3. Under the assumption (*), let Y C X be a Borel subset with positive 
measure and let S be a subgroupoid of {G)y of infinite type. It follows from Theorem 
13. 21 that there exists an essentially unique Borel partition Y = Y\ UY2 U Y3 satisfying 
the following: 

• if Y\ has positive measure, then [S)y\ is IA; 

• if Y2 has positive measure, then (5)y 2 is reducible; 

• if Y3 has positive measure, then (*S)y 3 ' admits no invariant Borel maps 
Y3' — > M(PAiJ r ) for any Borel subset Y$ of Y3 with positive measure. 

If S is amenable and any restriction of S to a Borel subset of Y with positive 
measure is not reducible, then S is IA, and the converse also holds by Theorem 13. 41 

Next, we recall basic properties of reducible subgroupoids. We can define the 
canonical reduction system for a reducible subgroupoid as in the case of a reducible 
subgroup. 

Definition 3.3. Under the assumption (★), let Y C X be a Borel subset with 
positive measure and let S be a subgroupoid of (G)y of infinite type. Let A be a 
Borel subset of Y with positive measure and let a € V(C). 

(i) We say that the pair (a, A) is p-invariant for S if there exists a countable 
Borel partition A — |J A n of A such that the constant map A n — > {a} is 
invariant for S for each n. 
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(ii) Suppose that (a, A) is p-invariant for S. The pair (a, A) is said to be purely 
p-invariant if (/3, B) is not p-invariant for S for any Borel subset B of A 
with positive measure and any [3 G V(C) with i(a,(3) ^ 0. (In we call 
this pair an essential p-invariant one for S.) 

Since we consider a countable Borel partition in the definition of a p-invariant 
pair, we can easily show that if there are a G V(C) and a Borel subset A n C Y for 
n G N with (a,A n ) p-invariant for S (or purely p-invariant, respectively), then the 
pair (a, |J j4„) is also p-invariant for S (or purely p-invariant, respectively) by |25l 
Lemma 4.47]. It follows that for each a G V(C), we can find an essentially maximal 
Borel subset A a C Y such that (a,A a ) is p-invariant for S (or purely p-invariant, 
respectively) unless there exist no p-invariant pairs for S (or purely p-invariant, 
respectively). 

Theorem 3.5 (|35J Section 4.5, Lemma 4.60]). Under the assumption (★), let 
Y C X be a Borel subset with positive measure and let S be a subgroupoid of (Q)y 
of infinite type. Suppose that S is reducible. Then 

(i) there exists a purely p-invariant pair for S. 

(ii) we can define an essentially unique invariant Borel map tp: Y — -> S(M) for 
S so that 

(a) if a G S(M) satisfies p(<p (<r)) > and a £ a, then (a, p^ 1 (a)) is a 
purely p-invariant pair for S; 

(b) if (a, A) is a purely p-invariant pair for S, then 

p(A \ ip-\{a G S(M) : a G a})) = 0. 

(iii) if T is a subgroupoid of (G)y with S <\T , then <p is invariant also for T . 

Note that we can construct ip in Theorem 13.51 (ii) from (i) by the observation 
right before Theorem 13. 51 We call <p in the above theorem the canonical reduction 
system (CRS) for S. It is easy to see that if A is a Borel subset of Y with positive 
measure, then the CRS for (S)a is the restriction of <p to A (see Lemma 4.53 
(iii)]). If X is a point and Q is isomorphic to T, then the above definition of the 
CRS for S coincides with the one mentioned in Subsection l2.ll 

In the following two lemmas, we study the CRS's for certain reducible sub- 
groupoids arising from the actions of reducible subgroups. 

Lemma 3.6. Under the assumption (*), suppose that the T-action on {X,p) is 
measure-preserving. Let G be an infinite reducible subgroup ofT and let a G S(M) 
be the CRS for G. Then Qq is reducible and its CRS <p: X — » S(M) is constant 
with value a. 

Proof. It is clear that Qg is reducible and for any a G a, the pair (a, X) is p- 
invariant for Qq. Assume that there exists a G a such that the pair (a, X) is not 
purely p-invariant for Qq. Then we would have a Borel subset B of X with positive 
measure and f3 G V(C) with i(a,f3) ^ such that ((3,B) is a p-invariant pair 
for Qq. It follows that there exists a Borel subset B' of B with positive measure 
such that p(7)/3 = (3 for a.e. 7 G (Qq)b'- We can find g G G of infinite order 
with g(3 ^ (3 since a G a. Since g has infinite order and the T-action on (X, p) 
preserves the finite positive measure p, the subgroupoid (Q( 9 ))b' is of infinite type, 
where (g) denotes the cyclic subgroup generated by g. We can find a Borel subset 
B[ C B' with positive measure and n G Z\{0} such that (g n ,x) G (G( g ))B' for an y 
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x G B[. Thus, g n (3 = p{g n ,x)(3 = (3 holds for any a; 6 BJ. Since G is a subgroup 
of T(M ; m), it follows from Theorem EHl that g k /3 = (3 for any k G Z \ {0}, which 
is a contradiction. Thus, (a, JC) is a purely p-invariant pair for Gg and we see that 
<7 is contained in <p(x) for a.e. x G X. 

Next, assume that we have a Borel subset A of X with positive measure and 
(3 G <p(x) \ cr for any x G A. For each j £ G, there is a Borel subset Aj C ^4 
with positive measure and n G Z\ {0} such that (5™, x) G {Gg)a 1 an d the equation 
g n /3 — p(g n ,x)(3 = (3 holds for any igii because ((3, A) is a p- invariant pair for 
Gg- Thus, g(3 = (3 for any j 6 G by Theorem 12. II It follows from (3 €" a that there 
exists 7 G V(C) such that i(/3, 7 ) ^ and hj = j for any h E G. Thus, (7, X) is 
a p-invariant pair for Gg, which contradicts the assumption that (3 G <p(x) for any 
x E A, that is, the pair (/?, A) is pure. □ 

Lemma 3.7. Under the assumption (★), suppose that the T-action on (X,p) is 
measure-preserving. Let a G V(C) and assume that the subgroup D a is infinite. 
Let Y be a Borel subset of X with positive measure and let S be a subgroupoid of 
(Go)y of infinite type. Then S is reducible and its CRS for S is constant with value 

{«}■ 

Proof. It is clear that S is reducible and the pair (a, Y) is p-invariant for S. Let 
A be a Borel subset of Y with positive measure and (3 G V(C) with i(a,f3) ^ 0. 
Assume that the pair (f3, A) is p-invariant for S. Then there exists a Borel subset 
B of A with positive measure such that p(j)(3 = (3 for a.e. 7 G (<S)b- Since S is a 
subgroupoid of {Go)y of infinite type, there exist infinitely many n G Z and a Borel 
subset _B„ of -B with positive measure such that t™ G V and (i™, x) G (S)b for any 
.x G B n , where t G T(M) denotes a Dehn twist about a. Hence, t n (3 — p{t n ,x)(3 = (3 
for a.e. x G B n . In particular, t n (3 = for infinitely many n G Z. It follows from 
|21l Lemma 4.2] (or [251 Corollary 4.26]) that i(a, (3) — 0, which is a contradiction. 
Thus, the pair (a, Y) is a pure p-invariant one for iS. 

If 7 G V(C) satisfies i{a,j) — and a/7, then there exists S G V(C) such 
that i(a, S) = and 1(7, (5) 7^ 0. Since the pair (5, Y) is p-invariant for S, the pair 
(7, A') can not be a pure p-invariant one for S for any Borel subset A' of V. □ 

The following proposition can also be proved along the same line as in |25| : 

Proposition 3.8 ( 25, Proposition 4.61]). Under the assumption (*), suppose that 
the T-action on (X,p) is measure-preserving and that T is sufficiently large. Then 
(G)y is neither IA nor reducible for any Borel subset Y C X with positive measure. 

As an application of the above generalization of the results in |25| . we obtain 
some information on stabilizers for a measure-preserving action of the mapping 
class group on a standard finite measure space. 

Corollary 3.9. Under the assumption (*), suppose that the T-action on (X,p) is 
measure-preserving and that T is sufficiently large. Then the isotropy group 

Gl = {yeG: r( 7 ) = «( 7 ) = x} 

is either trivial or sufficiently large for a.e. x G X . 

We can show this corollary by using Lemma ^.lll Theorem l3.4l fiiL Theorem 13. 51 
(iii) and Proposition 13. 81 Note that T is torsion- free and that 
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• for each pseudo-Anosov element g G T, the subset of X consisting of x G X 
such that Q% is IA and fixes the pair {F±(g)} of pseudo-Anosov foliations 
is measurable; 

• for each a G S(M), the subset of X consisting of x G X such that is 
reducible and its CRS is a is measurable. 

It follows from these remarks that for a Borel subset Y of X with positive measure, 
both subsets 

Fi = {x G Y : Ql is IA}, Y 2 = {x G F : 0* is reducible} 
are measurable, and (^o)yi is IA and (Go)y 2 is reducible, where 

So = {7 G 5 : r(7) = 3(7)} 

is the isotropy groupoid of 

In order to analyze reducible subgroupoids furthermore, in Theorems 13. Ill 13.131 
we consider components of the surface obtained by cutting along the CRS for S. 
There are three types of components as in the case of subgroups of T(M; to) men- 
tioned in the comment right before Lemma l2.3l These theorems will be used when 
we characterize reducible subgroupoids in terms of amenability, non-amenability 
and normality (see Section 0}. 

If r is an infinite reducible subgroup of T(M; to) with an integer m > 3 and 
er G S(M) is the CRS for F, then we can classify each component Q of M a in 
terms of properties of the quotients pq(T) (i.e., triviality and amenability), where 
Pq : r — > r(Q) is the natural homomorphism (see the comment right before Lemma 
I2.3|) . On the other hand, when we consider a reducible subgroupoid, we cannot 
construct such a quotient. However, fortunately, the properties of the quotient 
Pq(T) used in the classification of Q can be characterized in terms of fixed points 
for the action of Pq(T) on the space M(VA4J-'(Q)) of all probability measures on 
VMT{Q) as follows: 

(a) Q is T for T if and only if either Q is a pair of pants or pq{g)a — a for any 
g G T and any (or some) a G V(C{Q)). 

(b) Q is IA for T if and only if the following three conditions are satisfied: 

• Q is not a pair of pants; 

• PQ(9) a 7^ a f° r an y non-trivial g G T and any (or some) a G V(C(Q)); 

• there exists fj, G M(VM J~(Q)) such that pQ(g)fi = [i for any g G T 
and n{MlN{Q)) = 1. 

(c) Q is IN for T if and only if the following two conditions are satisfied: 

• Q is not a pair of pants; 

• there exist no fixed points for the action of pq(T) on M(VMJ-(Q)). 
By this observation, we can similarly consider three types of components of the 
surface obtained by cutting along the CRS for a reducible subgroupoid. Before 
stating the definition of the three types of components, we recall some notation. 

Let L be a submanifold of the surface M which is a realization of some element 
in S(M). Let Q be a component of Ml, where Ml denotes the surface obtained by 
cutting M along L. Let pl : Mr, — ► M denote the canonical map. For S G V(C(M)), 
we define a finite subset r(5, Q) of V(C(Q)). 

Let S G V(C(M)) and represent the isotopy class 5 by a circle D that intersects 
each of the components of L in the least possible number of points. Put Dl — 
p£ 1 (Z)). The manifold Dl consists of some intervals or it is a circle (if D D L = 0). 
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If either Dl nQ = 0orZ?Lisa circle which lies in Q and is peripheral for Q, 
then put r(5, Q) = 0. If Dl is a non-peripheral circle lying in Q, put r(<5, Q) = {6}. 

In the remaining cases, the intersection Dl H Q consists of some intervals. For 
each such interval /, consider a regular neighborhood in Q of the union of the 
interval I and those components of dQ on which the ends of / lie. Let Nj denote 
the regular neighborhood. Then Ni is a disk with two holes. Let r'(S, Q) be the set 
of isotopy classes of components of the manifolds ON] \ dQ, where I runs through 
the set of all components of Dl HQ. Define r(S,Q) as the resulting set of discarding 
from r'(5, Q) the isotopy classes of trivial or peripheral circles of Q. We will regard 
r{5,Q) as a subset of V{C{M)) using the embedding V{C(Q)) ^ V(C(M)). It is 
clear that this definition depends only on S and the isotopy class of Q. 

Let F: M — » M be a diffeomorphism such that F(L) = L and the induced 
diffeomorphism Ml — » Ml takes Q to Q. If / G T(M) denotes the isotopy class of 
F, then we have the equality 

f(r(6,Q))=r(f6,Q) 

by definition. 

Lemma 3.10 f |21l Lemma 7.9]). Let L and Q be the same as above and let 5 G 
V(C(M)). Ifr(S,Q) = 0, then one of the following three cases occurs: 

(i) there is a circle in the class S that does not intersect Q; 

(ii) 5 is the isotopy class of one of the components of L; 

(iii) Q is a disk with two holes. 

We denote by D = D(M) the set of all isotopy classes of subsurfaces in M and 
denote by Tq(D) the set of all finite subsets F of D (including the empty set) such 
that if Qi, Q2 G F and Qi 7^ Q2, then Q\ and Q2 can be realized disjointly on M. 

Theorem 3.11 Theorem 5.6]). Under the assumption (*), let Y C X be a 

Borel subset with positive measure and let S be a subgroupoid of (G)y of infinite 
type. Suppose that S is reducible and let (p: Y — > S(M) be its CRS. Then there exist 
two essentially unique invariant Borel maps <pt,<Pi'- Y — > J~o(D) for S satisfying the 
following: 

(i) any element in tpt(x) U tpi(x) is a component of M v ^ x ) for a.e. x G Y; 

(ii) each component of M^m belongs to <Pt(x) U (fi(x) and (ft(x) D ipi(x) = 
for a.e. x G Y; 

(iii) if Q is in F G !Fo(D) with ^i(ip^ 1 (F)) > 0, iften either Q is a pair of pants 
or the pair (a, ip^~ 1 (F)) is p-invariant for S for any a G V(C(Q)); 

(iv) if Q is in F G Fo(D) with /j,(ip~ 1 (F)) > 0, £/ien Q is not a pair of pants 
and (a, A) is not p-invariant for S for any a G V(C(M)) with r(a, Q) ^ 
and any Borel subset A C <£>^ positive measure. 

We call y>t (resp. yjj) the system of trivial (resp. irreducible) subsurfaces for 
S or in short, a T (resp. IA) system for S. We often call an element in ift(x) 
(resp. ip>i(x)) a trivial or T (resp. irreducible or I) subsurface for x G Y. When we 
identify a subsurface with a component of the surface obtained by cutting along 
some curves, we call T and I subsurfaces also T and I components, respectively. It 
is easy to see that if A is a Borel subset of Y with positive measure, then the T, I 
systems for {S)a are the restrictions of ipt, <fi to A, respectively (see [251 Lemma 
5.7]). We can show that T components have the following stronger property: 
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Lemma 3.12 ( [251 Lemma 5.4]). Under the assumption (★), letYcX be a Borel 
subset with positive measure and let S be a subgroupoid of {Q)y of infinite type. 
Suppose that S is reducible and let ip: Y — > S(M) be its CRS. We assume the 
following: 

• if is constant with value a £ S(M) and Q is a component of M a ; 

• we have a £ V(C(M)) with r(a,Q) ^ and a Borel subset A cY with 
positive measure such that (a. A) is p-invariant for S . 

Then there exists a countable Borel partition A = |J A n such that p{^)[3 = f3 for 
any (3 £ V(C(Q)) and a.e. 7 £ (S)a„- I n particular, the pair {(3, A) is p-invariant 
for S for any curve (3 £ V(C{Q)). 

If the cocycle p: S — > T is essentially valued in r CT = {g £ T : ga — er} for 
some a and Q is a component of M a , then pq denotes the cocycle defined by the 
composition of p with pq : T a — > T(Q). In the next theorem, we further divide I 
subsurfaces into two types, IA and IN ones. 

Theorem 3.13 ( |25l Theorem 5.9, Section 5.2]). In Theorem VJ . 1 1\ there exist two 
essentially unique invariant Borel maps (fiia^in - Y — ► J-q{D) for S satisfying the 
following: 

(i) ifi(x) = <Pia(x) U if in(x) and ip ia (x) n (fi n (x) = for a.e. x G F; 

(ii) if Q is in F e !F (D) with p(ip~^(F)) > 0, t/ien 

(a) if A is a Borel subset of ip~^ (F) with positive measure and ip: A — > 
M(VMJ-(Q)) is a pQ-invariant Borel map for S, then we see that 
ip(x)(MXAf(Q)) = 1 for a.e. x€ A; 

(b) we have an essentially unique pq -invariant Borel map ip^: ip~^(F) — > 
d^C (Q) for S such that if A is a Borel subset of ip^~ a (F) with positive 
measure and ip: A — > M{dC{Q)) is a pQ-invariant Borel map for S, 
then 

SUpp(V>(£)) C SUppOo(l£)) 

for a.e. x £ A; 

(iii) if Q is in F E Tq{D) with ^,(ip~^(F)) > 0, then S admits neither pq- 
invariant Borel maps A — > M(VA4J-(Q)) nor A — > d2C(Q) for any Borel 
subset A C (p~ n (F) with positive measure. 

We call tpi a (resp. ^Pm) the system of irreducible and amenable or IA (resp. 
irreducible and non-amenable or IN) subsurfaces for S. We often call an element 
in ifi a (x) (resp. <Pi n (x)) an irreducible and amenable (resp. irreducible and non- 
amenable) subsurface for x £ Y and in short, an IA (resp. IN) subsurface (or 
component). It is easy to see that if A is a Borel subset of Y with positive measure, 
then the IA, IN systems for (S)a are the restrictions of tpi a , ifi n to A, respectively 
(see [251 Lemma 5.10]). 

We recall some properties of IA components in the following lemma: 

Lemma 3.14 ( [251 Lemma 5.13]). Under the assumption (*), let Y C X be a Borel 
subset with positive measure and let S be a subgroupoid of {Q)y of infinite type. Let 
TL be a subgroupoid of (G)y with S <Ti. Suppose that S is reducible (thus, so isTi) 
and all the CRS, T, IA, IN systems for S are constant. Let Q be an I A component 
for S and ipo : Y — ► (?2C(Q) be the pQ-invariant Borel map for S as in Theorem 
EH1 (ii) (b). Then 

(i) ipo is PQ-invariant for TL. 
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(ii) if we denote by ip: Y — > S(M) the CRS for TL, then a C ?p(x) for a.e. 
x E Y, where a E S(M) is the CRS for S. 

(iii) if we denote by ipia : Y — > J-q(D) the I A system for Ti, then Q E ipi a (x) for 
a.e. x E Y . 

The following proposition implies that if a reducible subgroupoid has no IN 
components, then it is amenable as a groupoid: 

Proposition 3.15 f |25l Proposition 5.18]). Under the assumption (*), let Y C X 
be a Borel subset with positive measure and let S be a subgroupoid of {Q)y of infinite 
type. Suppose that S is reducible and there exists a E S(M) such that p{ r y)a = a 
for a.e. 7 E S. Let {Qi}i be the set of all components of M a which are not pairs of 
pants and p a : S — > Yii^iQi) be the induced cocycle YiiPQi- Moreover, we assume 
that there exists a p a -invariant Borel map 

i\>: Y -^Ud 2 C(Q l ). 

i 

Then the groupoid S is amenable. 

Suppose that T is a subgroup of T(M; m) with an integer m > 3 and that 
er E S(M) is fixed by each element of T. Let p a : T — > Y[q be the product 
Y[q PQ > where Q runs through all components in M a . Note that the kernel of p„ is 
contained in the amenable subgroup of T(M) generated by Dehn twists about all 
curves in a by Lemma 12.21 Thus, it is easily shown that if every component of Mo- 
is either T or IA, then T is amenable, which implies Proposition 13 . 1 5| in the case 
where X is a point. 

3.2. Actions of hyperbolic groups. In this subsection, we consider subgroupoids 
of a groupoid defined by a non-singular action of a hyperbolic group. In subsequent 
sections, we only use Lemma 13.181 in which we consider a groupoid arising from an 
action of a free group of rank 2. 

Assumption 3.2. We call the following assumption (*)h: let T be an infinite 
subgroup of a hyperbolic group To. Let (X,p) be a standard finite measure space 
and assume that we have a non-singular L- action on (X, p). We denote by Q = TkX 
and p: Q — > T the associated groupoid and cocycle, respectively. 

For a hyperbolic group To, let OTq be the boundary at infinity and let M(dTo) 
be the space of all probability measures on OTq. We denote by 82^0 the quotient 
space of <9Fo x <9Fo by the coordinate exchanging action of the symmetric group of 
two letters, which can naturally be viewed as a Borel subset of M(dTo) as in the 
case of the boundary of the curve complex. We can show the following proposition 
with the methods from the proof of Theorem 13.41 

Proposition 3.16. Under the assumption (*)h, let Y be a Borel subset of X with 
positive measure and let S be a subgroupoid of (G)y of infinite type. Assume that 
there is a p-invariant Borel map Y — > M(dTo) for S. Then 

(i) there exists an essentially unique p-invariant Borel map (fo : Y — > c^To for 
S satisfying the following: ifY' is a Borel subset ofY with positive measure 
and ip: Y' — > A/(<9Fo) is a p-invariant Borel map for S, then 

supp(ip(x)) G supp(</? (a;)) 

for a.e. x E Y'. 
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(ii) if T is a subgroupoid of (G)y with S <T , then ipo is invariant also for T. 

(iii) S is amenable as a groupoid. 

Using Lemma \2 . 1 II and Proposition ^. 161 (ii), (iii), we can show the following as 
in Corollary 13.91 Note that the set consisting of all points in 82 To fixed by some 
infinite subgroup of T is countable (see ^| Chapitre 8] or the comment about the 
dynamics of a hyperbolic group on its boundary right after 25, Theorem 3.3]). 

Corollary 3.17. Under the assumption (*)h, suppose that T is non-amenable and 
that the T-action on (X,fj,) is measure-preserving. Then the isotropy group 

Ql = {7 G G : r( 7 ) = s( 7 ) = x} 

is either finite or non-amenable for a.e. x E X. 

Lemma 3.18. Let G\, G2 be two infinite cyclic groups and suppose that we have 
a measure-preserving action of the free product G — G\ * G2 on a standard finite 
measure space (X,fi). Let Q, Gi and Q2 be the groupoids arising from the actions of 
G, G\ and G2, respectively. Then the subgroupoid {Gi)a V {Q2)a of (G)a generated 
by (Gi)a an d (GzjA is non-amenable for any Borel subset A C X with positive 
measure. 

Proof. Suppose that (Gi)aV(G2)a is amenable. We have the natural cocycle p: G — > 
G. It follows that we can find a p-invariant Borel map <po '■ A for (Gi)a V 

[G2)a as in Proposition 13.161 (i). Let af S dG be the two fixed points on the 
boundary dG of G for the action of the group Gi for % = 1,2. Then the constant 
map ipi : A — > with value {a^} is p-invariant for the subgroupoid (Gi)a of 
infinite type. It follows that ipi has to satisfy the property in Proposition 13.161 
(i). Thus, we have supp(y(a;)) C s\xpp(ipi(x)) = {af} for i = 1,2, which is a 
contradiction because {af} R {af} = 0- □ 

4. Characterizations of reducible subgroupoids 

The next two propositions characterize an amenable and a non-amenable re- 
ducible subgroupoid, respectively, in terms of amenability, non-amenability and 
normality. As in the previous section, we use the following notation under the 
assumption (*): 

• For a subgroup T' of T, let Gv denote the subgroupoid of G generated by 
the action of F'. 

• For a E S(M), we denote by Da- the intersection of T and the subgroup 
generated by Dehn twists about all curves in a. We write Go instead of 
Gd„ for simplicity. If a consists of one element a E V(C), then we write 
D a (resp. Go) instead of D a (resp. Go)- 

• For a E S(M), we write 

T a = {g E T : go = a}. 

Proposition 4.1. Under the assumption (*), let Y C X be a Borel subset with 
positive measure and let S be a subgroupoid of (G)y of infinite type. Suppose that 
S is amenable. Consider the following two assertions: 

(i) S is reducible. 

(ii) For any Borel subset AofY with positive measure, we have a Borel subset 
B of A with positive measure and the following three subgroupoids S' , S" 
and T of {G)b: 
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(a) an amenable subgroupoid S' with (S)b < <S' ; 

(b) a subgroupoid S" of infinite type with S" < S' ; 

(c) a non- amenable subgroupoid T with S" <\ T . 

Then the assertion (ii) implies the assertion (i). If T is a subgroup of finite index in 
r(M;m) and the T-action on (X,/j,) is measure-preserving, then the converse also 
holds. 

Proof. First, we show that the assertion (ii) implies the assertion (i). If <S were 
not reducible, then since S is of infinite type and amenable, there would exist an 
invariant Borel subset A of Y for S with positive measure such that (S)a is IA (see 
Theorem 13 .2(1 . It follows from the assumption (ii) that we have a Borel subset B of 
A with positive measure and subgroupoids S 1 ', S" and T satisfying the conditions 
in (ii). Since (S)a is IA and S' is amenable, it follows from Theorem 13 . 21 that S' is 
IA. Moreover, S" is also IA. Thus, T is also IA and amenable by Theorem l3.4l (ii) 
and Proposition EH which is a contradiction. 

Next, we assume that Y is a subgroup of finite index in Y(M; m) and show that 
the assertion (i) implies the assertion (ii). Let A be a Borel subset of Y with positive 
measure. Then there exists a Borel subset B of A with positive measure satisfying 
the following conditions (see Lemma T3. 121 for the second condition): 

• all of the CRS, T and IA systems for S are constant on B. Let a G S(M), 
ft, fia G J~o(M) be their values on B, respectively. Note that the IN system 
for S is empty since S is amenable; 

• for a.e. 7 G (S)b and any component Q in ip t and a G V(C(Q)), we have 
PQ{l) a = a i where pq : (S)b — * r(Q) is the composition of p and the 
natural projection Y a — > Y(Q). 

For each Q G (pi a , we have the canonical invariant Borel map tpQ : B — * c^C (Q) 
for (S)b as in Theorem 13. 131 (ii) (b). Let S' be a subgroupoid of (Q)b consisting 
of all 7 G {Q)b satisfying 

p(7)cr = a, Pq(i)iPq{s(j)) = 4>Q(r(j)), p{<y)a = a 

for any Q G (pi a , any a G V(C(R)) and any R G ipt which is not a pair of pants. 
Note that (S)b < S'. It follows from Proposition 13.1 51 that S' is amenable. 

If \a\ < k(M) + 1, then let S" = (Q a ) B - Then S" < S' . Since T is a subgroup 
of finite index in Y(M; m) and there exists a component of M a which is not a pair 
of pants, we see that S" is of infinite type and Y„ is non-amenable. Thus, the 
subgroupoid T = (Gv a )b is non-amenable. Moreover, S" < T since D a is a normal 
subgroup of Y a by Lcmma l2.2l This completes the construction of subgroupoids in 
the assertion (ii) in the case of |c| < k(M) + 1. 

If \a\ = k(M) + 1, then S' — (Go-)b and it is amenable. Choose ao G a. Let 
a' = cr\ {ao}, which is an element in S(M) since k(M) > 0. Then S" = (G<t>)b 
is a subgroupoid of infinite type with <S" < S' . Define T = (Gr a ,)B- Then T is 
non-amenable and S" < T since D a > is a normal subgroup of Y a > by Lemma 12.21 
This completes the construction of subgroupoids in the assertion (ii) in the case of 

H = k(m) + 1. □ 

Proposition 4.2. Under the assumption (*), let Y C X be a Borel subset with 
positive measure and let S be a subgroupoid of (G)y of infinite type. Suppose that 
(S)y' is not amenable for any Borel subset Y' ofY with positive measure. Consider 
the following two assertions: 
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(i) S is reducible. 

(ii) For any Borel subset AofY with positive measure, we have a Borel subset 
B of A with positive measure and the following two subgroupoids S' and S" 
of{Q) B : 

(a) a subgroupoid S' with (S)b < S' ; 

(b) an amenable subgroupoid S" of infinite type with S" < S' . 

Then the assertion (ii) implies the assertion (i). If T is a subgroup of finite index in 
r(M;m) and the T-action on (X,fj,) is measure-preserving, then the converse also 
holds. 

Proof. First, we show that the assertion (ii) implies the assertion (i). Suppose that 
S is not reducible. Then there exists a Borel subset A of Y with positive measure 
such that for any Borel subset B of A with positive measure, there is no invariant 
Borel map B — » M{VMJ-) for S (see Remark 13 .3|) . By the assumption (ii), we 
have a Borel subset B of A with positive measure and two subgroupoids S' and S" 
satisfying the conditions in (ii). Since S" is amenable, by Theorem 13.21 we have a 
Borel partition B = B\ U B2 (up to null sets) such that (5")-Bi is I A and (S")b 2 is 
reducible. It follows from Theorem 13.41 (ii) and Theorem 13. 51 (iii) that (S')b 1 is IA 
and (S')b 2 is reducible. If B\ has positive measure, then (S)b 1 is non-amenable by 
the assumption of S. Since (S)b < S', the relation (5')-Bi i s non-amenable, which 
contradicts to Theorem 13.41 (iii). On the other hand, if B2 has positive measure, 
then (S)b 2 has an invariant Borel map B2 — > S(M) C MlVAiJ 7 ), which is also a 
contradiction. 

Next, we assume that T is a subgroup of finite index in T(M; m) and show that 
the converse also holds. Let A be a Borel subset of Y with positive measure. Then 
there exists a Borel subset B of A with positive measure such that the CRS for S 
is constant on B. We denote by a € S(M) its value on B. Define a subgroupoid 

S' = {7 G {Q) B ■■ p{i)cr = 0-} = (GtJb, 

which satisfies (S)b < S' . Let S" = (Qct)b- Then S" is of infinite type since T 
is a subgroup of finite index in T(M;m) and the T-action on (X, /x) is measure- 
preserving. Since D a is a normal subgroup of r CT and it is amenable by Lcmma l2.2l 
we see that S" <J S' and S" is amenable. □ 

Assumption 4.1. We call the following assumption (•): for i = 1,2, let Ti be 
a finite index subgroup of T(Mi;mi) ) where Mj is a surface with n{Mi) > and 
TOj > 3 is an integer. Consider a measure-preserving action of Ti on a standard 
finite measure space (JCj,/Xj) and let 

be the induced groupoid, cocycle, respectively. Suppose that we have a groupoid 
isomorphism 

/: - (S 2 )r 2 , 

where 5^ C Xi is a Borel subset satisfying Q l Yi — Xi up to null sets. 

The following corollary is a consequence of Propositions 14.11 and 14.21 which char- 
acterize reducible subrelations: 

Corollary 4.3. Under the assumption (•), let A\ be a Borel subset of Yj with 
positive measure and let S 1 be a subgroupoid of (G 1 )a 1 of infinite type. Then S 1 is 
reducible if and only if the image /(iS 1 ) is reducible. 
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Next, we characterize maximal reducible subgroupoids. In the assumption (★), 
let Y be a Borel subset of X with positive measure and let cp : Y — > S(M) be a 
Borel map. Then we define a reducible subgroupoid 

Sip = {7 e (<7)y : p(7)^(s(7)) = ¥>(K7))}- 

Proposition 4.4. Under the assumption (*), Zei V &e a Borel subset of X with 
positive measure and let tp: Y — > S(M) be a Borel map. Assume that T is a subgroup 
of finite index in T(M;m) and that the I '-action on (X,fj,) is measure-preserving. 
Then the CRS for S v is tp and for a.e. x £ Y, each component of M^m either is 
a pair of pants or is IN for S v . 

Proof. We may assume that all of the CRS, T, I A and IN systems for S v and <p are 
constant by |25l Lemmas 5.7, 5.10]. We denote the value of ip by the same symbol. 
Note that S v is equal to {Gt v )y- It follows from Lemmas 12.3113. 61 that the CRS for 
S v is (p. 

Let Q be a component of M v which is not a pair of pants. Let 31,32 £ T^, 
be elements such that PQ^gi)} is an independent pair of pseudo-Anosov 

elements in T(Q), where pq : T v — > T(Q) is the natural homomorphism. Let G be 
the subgroup of T v generated by g\ and gi- Note that (Gg)y < S v . 

If Q were T for S v , then it follows from Lemma l3 . 1 2l that there would exist a Borel 
subset A of Y with positive measure such that pQ(-f)a = a for any a £ V(C(Q)) 
and for a.e. 7 G (5^)^, where pq is the composition of p and This contradicts 
the fact that pQ{g r l)a ^ a for any a £ V(C(Q j) and all n G Z \ {0}. 

If Q were IA for 5^, then we would have the canonical invariant Borel map 
4>: Y — > d2C(Q) for 5^ as in Theorem l3.13l fii) (b). For i = 1, 2, define a Borel map 
0i : Y" — > diC{Q) to be the constant map whose value is the image of {-F±(pq(<7i))} 
in dC(Q). Recall that the natural map MXM dC is injective on the set of all 
pseudo-Anosov foliations. It follows that (pi is the canonical invariant Borel map 
for (Gg^y for i — 1,2, where Gi is the cyclic subgroup generated by gi. Since <fi is 
invariant for (Gg^y, we have the inclusion 

suppO(x)) C suppO^x)) 

for a.e. x £ Y and any i = 1,2. This is a contradiction because {F±(pQ-(gi))} R 
{^±(PQ(32))} = 0. ' □ 

In what follows, we regard V(C) as a subset of S(M) naturally. 

Corollary 4.5. Under the assumption (*), let Y be a Borel subset of X with positive 
measure and let tp: Y — > V(C) be a Borel map. Assume that T is a finite index 
subgroup ofT(M;m) and that the T -action on (X,/i) is measure-preserving. If S 
is a reducible subgroupoid of (G)y with 5^ < S, then S = S v . 

Proof. Let ip : Y — > S(M) be the CRS for S. It is enough to show tp = -0 up to null 
sets. Choose a £ V{C) and a £ S{M) such that p,((p~ 1 (a) (~l > and put 

A = p~ 1 (a) n %p^ 1 (a). It suffices to prove (p = ip a.e. on A, that is, o — {a}. We 
may assume that all the T, IA and IN systems for S v on A are constant. 

Choose (3 £ a. Since [3 is in the CRS for (S)a, the pair (/3, A) is p-invariant for S v . 
If we had a component Q of M a which is not a pair of pants and satisfies r(/3, Q) 7^ 0, 
then Q would be T for S v by Theorem 13.111 which contradicts Proposition 14.41 
Thus, r(/3, Q) = for each component Q of M a which is not a pair of pants. It 
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follows from Lemma 13.101 that (3 is a boundary component of Q, that is, a = (3. 
Therefore, er — {a} and tp = tp a.e. on A. □ 

Lemma 4.6. Under the assumption (*), let Y C X 6e a Borel subset with positive 
measure and let S be a subgroupoid of (G)y of infinite type. Suppose that S is 
reducible. Then there exists a Borel map tp: Y — > V(C) such that S < S^p. 

Proof. Let ip: Y — > S(M) be the CRS for 5. Choose a countable Borel partition 
7 = |jy„ of Y such that tp is constant on each Y n . Let a„ 6 V(C) be an element 
such that a n G for a.e. x <EY n . Then the constant map Y n 3 x i— » a n G V"(C) 
is invariant for (<S)y„ . It follows from the proof of Lemma l3.1l that we can construct 
an invariant Borel map tp: Y — > ^(C) for 5. □ 

The following corollary is a consequence of Corollaries 14.31 14.51 and Lemma 14.61 

Corollary 4.7. Under the assumption (•), Zei A\ be a Borel subset of Y\ with 
positive measure and let <p\ : A\ — > V(C(.Mi)) 6e a Borel map. Put A2 = f(Ai) 
and 

4i = ^ e : Pi(7)Vi(«(7)) = Vx(r(7))}- 

T/ien there exists a Borel map tp2 : A2 — > V(C(Af2)) sucA tAa£ f(Sh >1 ) — Sz, 2 , where 

Sl 2 ={7G (^ 2 )y 2 : P2(7)¥>2(s(7)) = ^2(r(7))}. 

5. An equivariant Borel map from a self ME coupling 

In the next lemma, we study a normal amenable subgroupoid of a maximal 
reducible subgroupoid. As in the previous section, we regard the vertex set V(C) 
as a subset of the simplex set S(M) naturally. 

Lemma 5.1. Under the assumption (★), let Y be a Borel subset of X with positive 
measure and let cp: Y — > V(C) be a Borel map. Assume that T is a finite index 
subgroup of T(M;m) and that the T-action on (X,fi) is measure-preserving. If S 
is an amenable subgroupoid of S v of infinite type with S < S v , then there exists a 
countable Borel partition Y = \_\Y n of Y satisfying the following conditions: 

(i) the map <p is constant a.e. on Y n . Let a n £ V(C) be its value; 

(ii) for each n, we have (S)y n < (Qa n )Y n < (S v )y„- 

Proof. Recall that S v is reducible and its CRS is given by <p (see Proposition ^. 4f> . 
Since S is a subgroupoid of S v , it is also reducible. Let tp: Y — > S(M) be the CRS 
for S. Since S is normal in S v , the map ip is invariant also for S v by Theorem 13.51 
(iii). By the definition of essential p-invariant pairs, we see that tp(x) C <p(x) for 
a.e. x G Y. It follows that ip(x) — <p(x) for a.e. x G Y. 

Let A be a Borel subset of Y with positive measure such that all of the CRS 
<p = tp and T, I A and IN systems for S and S v are constant on A. We denote 
by a G V(C) the value of <p = tp on A. If Q is a component of M a , then Q is 
not IN for (S)a since S is amenable. If Q were IA for (S)a, then Q would be IA 
also for (S^a by Lemma f3. 141 (iii). which contradicts Proposition ^. 41 Thus, each 
component of M a is T for (S)a- 

It follows from Lemma \'3. 121 that we have a countable Borel partition A = |J A n 
of A such that p(j)@ = (3 for each component Q of Af Q and (3 G V(C(Q)) and for 
a.e. 7 G (<S)a„ for any n. For a.e. 7 G (S)a„, consider the subgroup of T generated 
by p("f). If p("f) is non-trivial, then the CRS for the subgroup is {a} by Lemma l2~4l 
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It follows from (22 Corollary 7.18] (see the comment right before Lemma ETUI) that 
p("f) lies in the kernel of the natural homomorphism from T a into Y[q T(Q), where 
Q is taken over all components of M a . Thus, ^(7) G D a by Lemma l2~2l Since A is 
any Borel subset of Y with positive measure such that all of (p — ip and T, IA and 
IN systems for S and S v are constant on A, we complete the proof. □ 

Under the assumption (•), let a G V(C{M\)), Define the constant map ip a : Yj 3 
x 1 — > ot G V(C(Mi)). It follows from Corollary 14.71 that we have a Borel map 
ip2- Y2 — > V[C{M 2 )) such that /(<S* ) = S?, 2 , where we use the same notation as 
in the corollary. Since the intersection of Ti and the subgroup of T(Mi) generated 
by a Dehn twist along a is normal in 

Ti, a = {g G Ti : ga = a} 
by LemmaEJand 5j o = (G^ Jy,, we see that (Qi) Yl < S^. Thus, f((Gi) Yl ) < 
Sz, 2 . By Lemma \h. II we have a countable Borel partition Y 2 = \_\A n such that 

(i) the map (f 2 is constant on A n for each n. Let us denote the value by 
p n G V{C(M 2 )); 

(ii) for each n, we have {f((Gi) Yl )) An < {G$Ja„ < (^J A „. 
Therefore, for each a £ U(C(Afi)), we can define a Borel map 

*(-,<*): - V(C(M 2 )) 

by 4" (a;, a) = [3 n if 2: G / _1 (Ai) (up to null sets). Note that this map does not 
depend on the decomposition Y 2 = |J A n . 

Lemma 5.2. If a, a' G U(C(Afi)) safe/y z(a, a') = 0, then i(^(x, a), *(x, a')) = 
/or a.e. x G Yi . 

Proof. Since i(a, a') = 0, we see that 

for any Borel subset A of Y\ with positive measure (see Lemma 12.1411 . It follows 
from the construction of a), a') that we have a countable Borel partition 
Y 2 = \J A n and f3 n ,/3' n G V(C(M 2 )) such that 

(/((^)y 1 ))A„ < (Gl) An , {f{{G l a ,) Yl ))A n < {G}, n ) An 

for each n. Using Lemma |X3 we see that (/((<?* )yi ))a„ (resp. (/(((?„< )yi))a„) 
is a reducible subrelation of (S 2 )a„ and its CRS is given by the constant map 
A n 3ih(3„ (resp. (3' n ) G V(C(M2)). It follows from the above normality that 
the constant map A n 3 x i— > f3 n is invariant also for (/((0q/)yi ))a„ , which implies 
i(f3 n ,f3' n ) = by the pureness of the pair (/%, A„) for (/((<?*/ )yj ))a„ ■ □ 

Lemma 5.3. Le£ Af fee a surface with k(M) > and let a, a' G V{C{M)) with 
i(a,a') 7^ 0. Then i™ and f™ generate a free group of rank 2 for all sufficiently large 
n, m G N, where t ai t a / G r(Af) denote the Dehn twists about a, a 1 , respectively. 

Proof. We regard a and a' as elements in VM.T . Choose an open neighborhood 
U of a such that 

U C {F e PXf : a') ^ 0}, 

where if denotes the closure of a subset K of VM.T . Choose an open neighborhood 
U 1 of a' such that 

TFc{Fe VMT : i(F, a) ^ 0} 
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and U n U' = 0. It follows from [211 Theorem 4.3] that there exist n,m £ N such 
that 

t k a {W) c U c u, t l a , (V) c u' c TP 

for any fc, Z G Z with |fc| > n, |Z| > m. 

The lemma follows from the above inclusions and the following ping-pong argu- 
ment: we show that a — i™ and b — t™, generate a free group of rank 2. Let w be a 
non-empty reduced word consisting of a^ 1 , b^ 1 . We prove that u> is non-trivial in 
r(M). It follows from the above inclusion that both a k and b l are non-trivial for 
any k, I G Z \ {0}. Therefore, by possibly replacing w by an appropriate conjugate 
and an inverse, it is enough to prove that w = a k w'b l is non-trivial in Y{M), where 
k, I G Z \ {0} and u/ is a reduced word such that if w' is non-empty, then the first 
letter of w' is b or 6 _1 and the last letter of w' is a or a -1 . Then w(x) £ [/ for any 
.x G £/ \ C/ by the above inclusion, and in particular, w(x) ^ x, which implies that 
w is non-trivial in r(M). □ 

Lemma 5.4. If a, a' £ V{C{M 1 )) satisfy i{a, a') ^ 0, then i(^(x, a), V(x, a')) ^ 
for a.e. x £ Y\ . 

Proof. Let a, a' £ U(C(Mi)) with ^ 0. Assume that there exists a Borel 

subset A of Y\ with positive measure satisfying the following conditions: 

(i) and *(-,«') are constant on A. Let /3,/3' £ V(C{M 2 )) be their 
values, respectively; 

(ii) i(/3,/3') = and 

MQlU) < {Ql)f(A), f{{Ql)A) < (Q%)f( A ). 

Since z(/3,/3') = 0, we see that {QV)^j^ V is amenable. On the other 

hand, ({J^a V ({5,!,/)^ is non-amenable by Lemma f5. 31 and Lemma f3. 181 which is a 
contradiction. □ 

For each a £ V{C{M\)), we have a Borel subset A a of Y\ with full measure such 
that is defined on A a . Put 

aSV(C(Mi)) 

By Lemmas 15 . 2 1 and 15 . 41 for each pair {a, a'} of elements in V(C(Mi)), we can take 
a Borel subset A a%a i of A\ with full measure so that for any x £ A a ^ a /, we have 
i(^(x,a),^(x,a')) = if i(a,a') = and i(*(af, a), ^f(x, a')) ^ if i(a,a') ^ 0. 
Put 

^4 = A a _ a i . 

o,a'eV(C(Afi)) 

Then ^(a;, a) is defined for any a; G ^4 and a G V(C)^ and both Lemmas 15.21 and 
15.41 are satisfied for any x £ A. 

Under the assumption (•), suppose that the two surfaces Mi, M2 are equal and 
we denote the surface by M. Applying the above process to / and we see that 
there exist a Borel subset A of Yj with full measure and a Borel map 

*:ix V(C) — V{C) 

such that for each x £ A, the map ^(x, -) : Y(C) — » V(C) defines an clement of 
the automorphism group Aut(C) of the curve complex. We can define a Borel map 
^ : A -> Aut(C) by = •) for ifA 



MEASURE EQUIVALENCE RIGIDITY OF THE MAPPING CLASS GROUP 



2!) 



For simplicity, we denote it o pi by pi for i = 1,2, where ir: T — » Aut(C) is the 
natural homomorphism. 

Lemma 5.5. FFe /iai>e i/ie equality 

*(r(7)) = P2(/(7))*(s(7)Vi(7" 1 ) 

/or a.e. 76 (^ 1 )r 1 - 

Proof. Let A be a Borel subset of ii and let gi G Ti, 92 S T2 be elements satisfying 
the following conditions: 

(a) (51, x) £ (C/ 1 )^ and (g 2 J(x)) = f(gi,x) G (£/ 2 )y- 2 for any ifi; 

(b) the map \& is constant on A and 31 A, respectively. Let G Aut(C) be 
the values on A and g±A, respectively. 

For each a G V(C), there exists a Borel subset B of A with positive measure such 
that f((Gi) B ) < {Ql [a) )f{B)- Note that for a G 7(C) and .9 G r(M), we have 

9^a9 — tga 

by [23 Lemma 4.1. C], where G T(M) denotes the Dehn twist about [3 G V{C). 
It follows that 

a) ) f(giB) 

for 7 G (^)s and 5 G (Q^ a ))f(B)- Therefore, /((^ lQ ) 9l s) < (Qg 2 ^ a) )f( 9l B)- 
Thus, ip'(gia) — g2ip(a). Since this equality holds for any a G V(C), we have 
ip' = g2^9\ l ■ This means that 

for a.e. j — (gi,x) € (G 1 )y 1 with iei. □ 

Definition 5.1. Let S be a Borel space and let m be a measure on 5. 

(i) Suppose that we are given a Borel space T, a Borel action of a discrete 
group G on S, T and a Borel map f:S—>T. We say that the map / is 
almost G-equivariant if the equality 

f{gx) = gf(x) 

holds for any g G G and a.e. x G S. 

(ii) Suppose that we have discrete groups T, A, G and homomorphisms n: T — > 
G, r : A — > G. Then we denote by (G, 7r, r) the Borel space G equipped 
with the r x A-action given by 

(7, X)g = 7r(7) 5 T(A) _1 

for 7 G r, A G A and g G G. 

Theorem 5.6. For i = 1,2, Zet oe a finite index subgroup of T(M;mj), where 
M is a surface with k(M) > and to, > 3 is an integer. Suppose that we have a 
ME coupling (CI, to) 0/ Ti and T2. XTien i/iere exists an essentially unique almost 
T± x T2-equivariant Borel map $: f2 — > (Aut(C),7r, 7r), where tt: T(M) <> — > Aut(G) 
zs t/ie natural homomorphism. 
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Proof. As in Subsection 12.81 we can construct a measure-preserving IVaction on 
a standard finite measure space for i = 1,2 such that they satisfy the 

assumption (•). In this proof, we use the notation as in (•). For the existence of 
$, it is enough to show that there exists a Borel map $: f2 — > Aut(C) such that 

$(5iff2w) = 7r(5 2 )$(w)7r(5i)~ 1 

for any g\ G T%, g 2 G r 2 and a.e. w£0. By Lemma 12.81 the space fi is isomorphic 
to X\ x r 2 as Ti x r 2 -spaces. Here, the Ti x r 2 -action on X\ x r 2 is given by the 
formula 

31.92(2;, 7) = (9ix,a(g 1 ,x)-fg 2 ; 1 ) 

for gi £ Ti, g 2 ,7 G T 2 and x £ Ai, where a: Ti x Ii — > T 2 is the associated 
cocycle. We identify f2 with x T 2 . For the proof of the theorem, it is enough to 
show that if we define <E> : fl — » Aut(C) by the formula 

^( gi g 2 (x,e)) = Ti{g 2 )^{x)Ti(g 1 )- 1 

for g\ e Ti, 32 G T 2 and 1 £ li, then it is well-defined. In other words, it is enough 
to show that 

7r( 52 )*(a;)7r( gi )- 1 = ntfJVtfMr 1 
for any g±, g[ G Ti, g 2 , g 2 G T 2 and a.e. x, x' G Y\ satisfying 

gm(x,e) = g[g' 2 (x',e). 

In what follows, we omit tt for simplicity. Since 

0',e) = (gi) _1 ffi(5 2 )^ 1 52(2;,e) = ((^i) -1 ^, a((si) -1 0i, x)g 2 1 g' 2 ), 

we see that x' = {g' i y 1 gix G Yi. Since = P2(f(g,y)) for 5 G Ti, j/ G Yi 

with gy <eYi, we have 

*( : r') = *((90" 1 5l^)=P2(/((5i)- 1 fll^))*Wpi((5i)- 1 5i^)" 1 
= (g' 2 )- 1 9 2*(x)gi 1 g' 1 

by Lemma 15.51 which shows the claim. 

The uniqueness of $ is a consequence of Theorem 12.61 and the following Lemma 
l5~71 □ 

Definition 5.2. Let it: T — » G be a homomorphism between discrete groups. 
Then 7r is said to be ICC (infinite conjugacy class) if the set {n^gn^)' 1 : 7 6 T} 
consists of infinitely many elements for any g G G\ {e}. 

Lemma 5.7. Let V , A and G be discrete groups and assume that 

n-.r->G, t: A—> G 

are homomorphisms and that either it or t is ICC. Suppose the following two con- 
ditions: 

(i) we have a ME coupling (E,m) ofT and A; 

(ii) there exist two almost T x A-equivariant Borel maps $, $' : £ — > (G, 7r, r). 
Then $ and $' are essentially equal. 
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Proof. We may assume that tt is ICC. Let us define a Borel map $o : E — ► G by 
$o(ar) = ^'(x)^(x)~ 1 for i£S. Then $ satisfies the equality 

$o(7^) = 7i-(7)$ (2;)7r(7)" 1 

for any 7 6 T, A 6 A and a.e. x G E. Therefore, <&o is A-invariant and induces an 
almost T-equivariant Borel map A\E — > G, where the T-action on G is given by 
conjugation via tt. By projecting the finite T-invariant measure on A\E to G, we 
obtain a finite measure on G which is invariant under the conjugation via tt of each 
element of T. Since tt is ICC, the support of this measure is equal to {e}, which 
means that $0 = e a.e. on E. □ 

Lemma 5.8. Let T , A and G be discrete groups and assume that 

tt: T -► G, t: A -> G 

are homomorphisms. Suppose the following three conditions: 

(i) we have a normal subgroup T' of T (resp. A' of A) of finite index and a 
ME coupling (E, to) ofT and A; 

(ii) either the restrictions tt : T' — > G or r : A' — > G is ICC; 

(iii) there exists an almost V x A' -equivariant Borel map $: E — * (G, tt, r). 

TTien the map $ is almost T x A- equivariant. 

Proof. We may assume that the restriction r : A' — > G is ICC. For fixed 7 £ T and 
A G A, define a Borel map $0 : E — > G by the formula 

$o(a:) = $(7A.T)- 1 vr(7)$(a;)r(A)- 1 

for ieS. 

Let g £ T' , ft, £ A'. Since T' is normal in T and A' is normal in A, we have g' G V 
and h! 6 A' such that 73 = g'7 and A/i' = hX. Then 

$ (<?/i'z) = $(75A/i'x)- 1 7r(7)7r( 3 )$(x)r(/ l ')" 1 T(A)- 1 

= $( 5 ' 7 /iAx)" 1 7r( 3 ')7r(7)*(a;)T(A) _1 T(/i)- 1 

= r(/i)$(7Aa;)" 1 7r(7)$(a;)T(A)" 1 T(/i)- 1 

= T(h)$> a (x)T(h)- 1 . 

Since 5 G T' is arbitrary, the map $0 induces a Borel map T'\E — > G. The 
projectivized finite measure on G is invariant under the conjugation via r of each 
element of A'. As in the proof of Lemma [5.71 we can show that <&o = e a.e. on 
E. □ 

Corollary 5.9. Let M be a surface with k(M) > and let T, A be finite index 
subgroups o/r(M)° or Aut(G), respectively. Suppose that we have a ME coupling 
(f2, to) o/r and A. Then there exists an essentially unique almost T x A-equivariant 
Borel map — ► (Aut(C), 7r, tt). 

6. Measure equivalence rigidity 

Given a ME coupling (E, to) of discrete groups T and A, we can define the 
opposite coupling E of A and F as the A x T-space obtained by the canonical 
isomorphism between T x A and AxT. When V = A, we distinguish the T-actions 
on E by writing (7, x) 1— > Alx and Aix, respectively, for 7 G V and x G E. 
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If (E, m) is a ME coupling of discrete groups T and A and (17, n) is a ME coupling 
of discrete groups A and A, then we can define the composed coupling E xa £7 of 
r and A as the quotient space of S x fl by the diagonal A-action. 

Definition 6.1. Let it: Y — > G be a homomorphism between discrete groups. We 
say that ir is almost an isomorphism if both ker(7r) and coker(7r) are finite. 

Theorem 6.1. Let Y, A, G be discrete groups and let 7t,t: Y — » G be homomor- 
phisms. Suppose that n is ICC and r is almost an isomorphism and we have a 
ME coupling (E, m) of Y and A and let J7 = E x a A x a E be the self ME coupling 
of Y . Moreover, assume that there exists an almost Y x Y-equivariant Borel map 
<£> : 57 — > (G, 7r, t). TTien we can /md the following two maps: 

(a) a homomorphism p: A — > G which is almost an isomorphism; 

(b) an almost Y x A-equivariant Borel map <J>o : S — > (G,r, p). 

Before the proof, we give the following lemma: 

Lemma 6.2. Let T, A, G fee discrete groups and let (E,m) fee a Mi? coupling 
of Y and A. Let Y C E fee a fundamental domain of the Y- action on E and let 
9 : A x Y — > r fee £/ie associated cocycle. Suppose the following two conditions: 

(i) we have a homomorphism n: Y — > G which is almost an isomorphism; 

(ii) t/iere exists a subgroup Gq of G such that the cocycle no9:AxY—>G is 
cohomologous to a cocycle which is essentially valued in Gq. 

Then Gq is a subgroup of finite index in G. 

Proof. Take a standard A-action on a standard probability space Xq. Define a 
T-action and a G x A-action on E x G x Xq by 

l{z,g,x) = (jz,ir(j)g,x) 

(9iA)(z,g,x) = (Az,3gf\ Ax) 

for g, gi € G, 7 G T, A G A, 2 G E and a; G A' . Consider the quotient G x A-space E 
of E x G x Xq by the T-action. Since ker(7r) is finite, the A-action has a fundamental 
domain. Since coker(-7r) is finite, the A-action has a fundamental domain of finite 
measure. Thus, the G x A-space E is a ME coupling of G and A. 

Let p: x G x Xq — > Ebe the natural projection. Then p(Y x {e} x Xq) 
is a fundamental domain of the G-action on E. Remark that p is injective on 
Y x {e} x Xq. The cocycle 9: Ax p(Y x {e} x X ) — > G associated to it is given by 

#(A,_p(y,e,x)) =TTo9(X,y) 

for A £ A, t; 6 7 and a; G Xq. By assumption, we can find a Borel map </?: Y — > G 
such that 

9'(\,y)=ip(\-y)7ro9(\,y)ip(y)- 1 e Gq 

for any A G A and a.e. y G Y. Define a Borel map (p: p(Y x {e} x Xq) — » G by 
(p(p(y, e, x)) = y(y) for y £ Y. Then 

<^(A • e, x))9(X,p(y, e, x))ip(p(y, e, x))^ 1 
= tp(X ■ y)Tr o 0(A, 2/)(^(2/) _1 G G , 



which means that 9 is cohomologous to a cocycle which is essentially valued in Go- 
The lemma now follows from [21 Lemma 6.1]. □ 
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Proof of Theorem 16'. jl This proof is almost the same as in [21 Section 6.2]. One 
denotes the element corresponding to (x,X,y) € E x A x E by [x, A, y] G Sx A Ax A E. 
As in 31. Lemma 6.6], we can prove the following lemma by using the assumption 
that 7T is ICC: 

Lemma 6.3. If one defines a Borel map , J: E 3 — > G by 

V(x,y,z) = ${[x,e,z])§[\y,e,z})- 1 

for (x,y,z) G E 3 , then 

9(x,y,zi) = x S(x,y,z 2 ) 

for m 4 -a.e. (x, y, Zi, z 2 ) € E 4 . 

Define a Borel map F: E 2 — » G by F(x,y) — fy(x,y,z). It follows from [311 
Lemma 6.2] that for rn-a.e. x G E, the Borel map p^ : A — > T given by 

p x (\)=F(\- 1 x,y)F(x,y)- 1 

is the same for m-a.e. y G E and defines a homomorphism. Moreover, the equality 

p y (A) = F(x,y)- 1 p x (X)F(x,y) 

holds for any A e A and m 2 -a.e. (x,y) G E 2 . Note that we have the equality 

p x (\)=$([x,\,z])9>{[x,e,g])- 1 

for any A £ A and m 2 -a.e. (x, z) G E 2 . Let N be the normal subgroup of A which 
is the common kernel of p x for m-a.e. x G E. 

Let D G E be a fundamental domain of the A-action on E and put Cl = D x 
AxDgExAxE. This inclusion induces a Borel isomorphism between (l and 
f2. Let us give a T-action on f2 induced by the second T-action A 2 on and give a 
A-action on Q by the left multiplication on the second coordinate: 

(7,A)(x,Ai,y) = (x, AAia(7,y)^ 1 ,7 ■ y) 

for 7 G T, A, Ai G A and x,y & D, where a: T x Z) — * A is the associated cocycle 
to D. 

Let <& : f2 — ► G be the Borel map induced by <!> and the isomorphism between f2 
and Vt. Note that $ is almost L-equi variant in the following sense: 

$(70/) = < l(cj)-r(7)~ 1 

for any 7 G Y and a.e. w G ft. Put _E = 5> _1 ({<?„}), where {g n } G G is a finite set 
of all representatives of G/t(T). Remark that Eq is invariant under the action of 
ker(r). If E C Eq is a fundamental domain of the ker(r)-action on Eq, then it is 
also a fundamental domain of the T-action on Q. Since ker(r) is finite, the measure 
of Eq is finite. The homomorphism p x is given by 

p x (A) = §{x,\,z)${x,e,z)- 1 

for any A G A and m 2 -a.e. (x, z) G D 2 . 

For Ao G A, it is easy to see that A G N if and only if 

i(x,A Ai,y) = $(x,\ u y) 
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for any Ai £ A and m 2 -a.e. (x, y) G D 2 . It follows that any element in N preserves 
Eq. Since the measure of Eg is finite, we see that N is finite. Note that for any 
A G A and a.e. t — (x, X\, z) G Q, we have 

p x (X) = p 2; (AAi) ) o a; (Ai)~ 1 

= $(x, AAi, z)$(x, e, Ai, z)$(x, e, z) -1 ) -1 

= *(At)*(i) -1 . 

Let 9: A x E — > r be the associated cocycle to E 1 . It follows from Fubini's theorem 
that there exists xq G D such that p = p Xa : A — > G is a homomorphism with kernel 
A^ and for any A G A, 7 G T, a.e. x G D and a.e. (Ai, z) G A x D, we have 

p x (X) = F(x , x)~ 1 p(x)F(x Q ,x) 

and 

$((7, X)(x , Xi,z)) = p(X)$(x , Ai, z)r( 7 )- 1 . 

We show that p(A) is a subgroup of finite index in G. Define a Borel map 
tp: E -> G by 

=F{x Q ,x)$(t) 

for i = (x, Xi,z) G B. Put 

0'(A, t) = (p(X ■ t)r o 0(A, i)^) -1 
for A G A and t £ E. Since A • t = A#(A, t)t, we see that 

l(A • t) = $(A(9(A, i)*) = $(A*)t o 0(A, 

and 

0'(A, t) = F(x , ar)$(A • i)r o 0(A, t)$(t) _1 F(x 0) 

= F(z , x)$(Ai)$(i) _1 ^o, a;)" 1 

= F(:ro ) x)p x (A) J F(a;o,a;)- 1 =p(A) Gp(A). 

It follows from Lemma 16 . 21 that /j(A) is a subgroup of finite index in G. 

Finally, we construct a Borel map $0 : S — > G. Note that {xq} xAx£>cfHsa 
r x A-invariant Borel subset isomorphic to E as Y x A-spaces. It follows from the 
choice of xq that the composition of the restriction of $ to {xq} x A x D and the 
map G 3 g 1— > g^ 1 G G is a desired map. □ 

Combining Corollary 15. 91 and Theorem 16. II we obtain Theorem ll.il 

Proof of Theorem M.SX First, suppose that ^(Af 1 ) > n(M 2 ). We may assume that 
k(M v ) > 2. By Theorem ll.il we can find an injective homomorphism T(M 1 ; 3) — > 
Aut (G(M 2 )) with finite cokernel. By using Theorem 12 . 51 and restricting the homo- 
morphism to some subgroup Y\ of finite index in r(M 1 ;3), we can construct an 
injective homomorphism from Ti into T(M 2 ) with finite cokernel. It follows from 
pffl Theorem 2] that M 1 = M , 6 and M 2 = M 2 , - Similarly, if we assume that 
^(M 1 ) < k(M 2 ), then it can be shown that M 1 = M , 6 and M 2 = M 2 ,o- □ 
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7. Rigidity for a direct product of mapping class groups 

We need to review Monod-Shalom's technique in Section 5.1]. 

Let Ti, . . . , r„ be torsion- free discrete groups in the class C, mentioned in Section 
^ and let Ai, . . . , A n be torsion-free discrete groups. Put r = I\ X • • • X T n and 
A = Ai x • • • x A„. Let us denote 

for i G {1, . . . , n}. Suppose that we have a ME coupling (E, m) of L and A. 

In the above situation, we can find a bijection t : {1, . . . , n} — > {1, . . . , n} and 
fundamental domains Y, X C E of the T-, A-actions on E, respectively, satisfying 

A m Y c L,r, T t X c A t{l) X 

for any i G {1, . . . , n}. Let Ej be the space of ergodic components of the x Ab- 
action on (E,m) for i G {1, . . . which is naturally a I\ x A t (j)-space. Define 
a measure /itj (resp. vi) on Ej by projecting the restricted measure on I^Y (resp. 
K t (j\X) through the natural map TiY — ► Ei (resp. A^X — > Ej). Then 

(a) fj,i and i/j are absolutely continuous with respect to each other. 

(b) both ^ and i/j are invariant for the Li x A t (j) -action on Ej. 

(c) if Y (resp. X) is the image of Y (resp. X) in Ej, then it is a fundamental 
domain of the Lj-action on (£j,/ij) (resp. the A t (j)-action on (£j,i/j)). 
Moreover, both /Uj(Yj and i'i(X) are finite. 

These claims are shown in the proof of [311 Theorem 1.16], where the ergodicity 
of (E,m) is assumed. However, we can show the above claims along the same line 
without this assumption. 

Let 

d(x) = ^-(x), x G E 4 

be the Radon-Nikodym derivative, which is positive and finite a.e. on Ej. It follows 
from the condition (b) that the function Cj is invariant for the I\ x A^-paction. 
Put 

Ej,„ = {x G Ej : n < a(x) < n + 1} 

for n G N. Then Ej = LLeN ^ i >™ U P *° nuu se ^ s - ^ f° uows from the condition (c) 
that Ej )n is a ME coupling of Lj and A t (j) with respect to fa for each n G N (if Ej jn 
has non-zero measure). 

In this situation, we suppose the following condition: for i G {l,...,n} and 
j G {1, 2}, let M\ be a surface with n(M[) > and M{ M li2 , M 2>0 . Assume that 
Li (resp. Ai) is a torsion-free subgroup of finite index in r(A/ i 1 ) <> (resp. T(Mf)°) 
for each i. 

Remark that the mapping class group L(M) is in C for a surface M with k(M) > 
( |19l Corollary B]) and this property is preserved under measure equivalence and 
in particular, commensurability up to finite kernel ( (311 Corollary 7.6]). Note that 
Ml and are diffeomorphic for any i by Theorem 11.21 and let gt be an isotopy 

class of a diffeomorphism M^ —> M^. Let 

n n 

n r ( M ')°^ii Aut ( c ( M ')) 

i=l i=l 
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be the isomorphism defined by 

Kg(ll, ■ ■ ■ ,7n) = (^{.ailti^gi 1 ), ■ ■ ■ ,ir{9nlt{n)9n 1 )) 

for 7^ € r(Mj 2 )°, where we denote by the same symbol 7r the natural homomorphism 
T{Mf -> Aut(C(M)) for a surface M. By applying Corollary O to each ME 
coupling Sj >n of Ti and A t (j) , we can find an almost I\ x A t (j)-equivariant Borel map 
% -> (Aut(C(M i )),7r,7r ffi ), where 7r gi : r(Af 2 (i) )° -> Aut(C(M/)) is defined by 
using Then we can define a Borel map £ — » 112=1 Aut (C(M/)) by 

= ($i(pi(x)),...,$„(p„(a;))) 

for igS, where pi : £ — > £j denotes the natural projection. It is easy to see that 

$((7,A)x) = tt^xKCA)- 1 

for any 7 G T, A G A and a.e. ieE. 
Hence, we have shown the following: 

Theorem 7.1. For £ € {1, . . . , n} and j € {1, 2}, Zei oe a surface with k(M?) > 
and 7^ Mi l 2,Af2,o- Assume that I\ (resp. Ai) is a torsion-free subgroup of 
finite index in r(Af/)° (resp. Y(MfY). Put T = T 1 x • • • x r n , A = Ai x • •• x A„. 
Suppose that we have a ME coupling (£, m) of T and A. TTien we can find the 
following: 

(a) a bijection t on the set {1, . . . , n}; 

(b) an isotopy class gi of a diffeomorphism Af3^ — > /or eac/i i; 

(c) an almost T x A-equivariant Borel map 

*: ^nAut(C(M/)),7r,7r^ . 

Corollary 7.2. T/ie conclusion of Theorem \ 7.1\ holds even if T (resp. A) is a 
subgroup of finite index in T(M 1 1 ) x • ■ ■ x r(Afj)* fresp. r(Af 2 ) x ■ ■ • x r(Af 2 )° / ). 

Proof. It is easy to check that if n{Mi) > and Tj is a finite index subgroup of 
r(Mi)°, then the natural homomorphism 

Ti x ■ • • x T„ -> Aut(C(Afi)) x ■ ■ • x Aut(C(M„)) 

is almost an isomorphism and ICC. By Lemma I3T51 and Theorem l7.ll we obtain the 
corollary. □ 

Combining Theorem 16.11 and the above corollary, we can obtain Theorem 11.31 
The following corollary determines all isomorphisms between finite index subgroups 
of a direct product of mapping class groups (see also (221 Section 8.5]). 

Corollary 7.3. For i G {1, . . . , n}, let Mi be a surface with n{Mi) > and Mi ^ 
Mi,2, M2.Q, and let T be a finite index subgroup of G = T{M\) <> x • ■ ■ x r(Af„)°. 
Suppose that we have an injective homomorphism r : T — > G with finite cokernel. 
Then we can find a bijection t on the set {1, . . . , n} and an isotopy class gi of a 
diffeomorphism M t ^ — > M,- t for each i such that for any 7 = (71, . . . , 7„) G T, we 
have 

t{i) = (5i7t(i)Sr\ ■ ■ ■ ,3r 1 7t(n)5,7 1 )- 
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Proof. We identify T(Mi) <> and Aut(C(Mj)) via the natural isomorphism. Consider 
the self ME coupling (G, rr, r) of T. It follows from Corollary O that we can find 
the following: 

(a) a bijection t on {1, . . . , n}; 

(b) an isotopy class gi of a diffeomorphism Af t 2 ,^ — ► M^ 1 for each i; 

(c) an almost T x T-equivariant Borel map 

(G,tt,t) -» (G,7T,7r ff ). 

Put ft = (/ix, ■ ■ ■ , ftn) = $(e) and define an automorphism 717^ of G by 

Khg{s) = {h\gis t (i)g^ l h^ 1 , . . . , KgnSt^g'^h' 1 ) 

for s = (sx, . . . , s n ) G G. Define a G x G-equivariant map 

(G,7r,7r ff ) -> (G,7r,7r/i fl ) 

by \&(s) = s/i _1 for s G G. Since (G, 7r, t) is also a ME coupling of G and T, we see 
that $ is G x T-equivariant by Lemma l5~%l It is easy to see that \& o $(e) = e and 
thus, $ o $ = id. Therefore, t is the restriction of 717^. □ 

8. Lattice embeddings of the mapping class group 

In this final section, we give another application of Corollaries 15.91 and 17.21 
following [21 ■ We describe all lattice embeddings of a finite direct product of 
mapping class groups into a locally compact second countable (lese) group. We 
fix notations as follows: let n be a positive integer and Mi be a surface with 
K(Mi) > for i G {l,...,n}. Put G = r(Mx)° x ••• x T(M n )° and G = 
Aut(G(Mi)) x • • • x Aut(G(M„)). Let tt: Gq — » G be the natural homomorphism. 

Theorem 8.1. Let T be a finite index subgroup of Go- Suppose that we have a 
lattice embedding a: T — > H into a lese group H. Then there exist the following 
two maps: 

(i) an almost T x T-equivariant Borel map $: (H,o~,a) — > (G, tt, 7r), which 
satisfies $(h 1 h 2 ) = <&(/ix) < &(^2) /or a.e. (/li, A2) E H x H; 

(ii) a continuous homomorphism $0 : if — > G sweft i/iai $o(ft) = ^K^) / or a - e - 
h £ H and $0(^(7)) = 7r (7) / or an 2/ 7 6 T. Moreover, ker($o) * s compact. 

Proof. First, we show the assertion (i). To prove this, we may assume that M, 7^ 
Mi :2 ,Af 2 ,o for all i by using Lemma Ol We identify r(M l )° and Aut(C(Mi)) via 
the natural isomorphism. Applying Corollary 17. 21 to the self ME coupling H of T 
with the Haar measure, we can find a bijection t on the set {1, . . . , n}, an isotopy 
class gi of a diffeomorphism M t ^ —> Mi and an almost T x T-equivariant Borel 
map 

{H, a, a) -» (G,7r,7r 9 ). 
Define a Borel map F: H x H — > G by 

for h\,h,2 G if. Then for any 7 G T and a.e. (fti, /i 2 ) G if x if, we have 
F(/ixa( 7 ), &a) = F(/ix, /i 2 ) = F{h u h^Y 1 ), 
F(a(j)h!, a(rr)h 2 ) = 7r g (7)F(/n, ft 2 )7r( 7 )^ 1 . 
Thus, F induces a Borel map / from X = (H/a(T)) x (H/a(T)) to G such that 

/( 7 ar) = 7r g (7)/(x)7r(7) _1 
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for any 7 G T and a.e. where the T-action on X is induced from the diagonal 

one on H x H through a. By projecting the finite T-invariant measure on X to 
G through /, we obtain a finite measure y, on G invariant under the action of the 
diagonal subgroup of T x T on (G, ir g , it). It follows that t = id and gi € r(Mj)°. 
Put g = (<7i, . . . , g n ) G G. The support of /1 is {g} and F{h\,h2) = ff, that is, 
= $'(^- 1 ) 5 $'(/i 2 ) for a.e. (h u h 2 ) G H x H. 
Define a G x G-equivariant map <&" : (G,ir,Tr g ) — ► (G, 7r,7r) by $"(7) = 75 for 
7 G G. Then the composition $ = $" o $' is a T x T-equivariant Borel map from 
(H,a,a) to (G, 7r,7r) and it satisfies ^(hi 1 h 2 ) = < i>(/i 1 " 1 )$(/i2) for a.e. (/ii,/i2) G 
H x H. 

Next, we show the assertion (ii). It follows from |401 Theorems B.2, B.3] that 
there exists a continuous homomorphism $0 : H — > G such that $o(^) = ^(^) f° r 
a.e. h € H . For any 7 G T and a.e. h £ H, we have 

tt( 7 )$(/ 1 ) = *((t( 7 )/i) = *o(ff(7)A) = *o(ff(7))*o(fc) - *o(ff(7))*W, 

which implies ^(7) = $0(17(7)) for any 7 G T. 

Since kcr(<I>o) is essentially equal to $ _1 (e), which has finite measure, we see 
that ker(<I>o) is compact. □ 

Proof of Theorem \1.4\ It follows from Theorem lS. ll that there exists a continuous ho- 
momorphism $0 : H — » G such that -ftT = ker($o) is compact. Let i/o = $0 1 ( 7r (-^))- 
These groups satisfy the conditions in the theorem. □ 
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